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Abstract. For immersed surfaces in the homogeneous spaces E(κ, τ)
with τ ̸= 0, we prove that the original Abresch�Rosenberg di�erential
[2(H + iτ)p − (κ − 4τ2)A2] dζ2 is holomorphic if and only if the mean
curvature H is constant; here p dζ2 is the Hopf di�erential and A =
⟨ξ, ∂ζ⟩. The result is local: no completeness, compactness or analyticity
is assumed, and there are no exceptional surfaces. Where dH ̸= 0,
holomorphy forces the shape operator into the normal form

(︁
0 τ
τ 2H

)︁
in

the frame (∇H/|∇H|, J∇H/|∇H|). The round case κ = 4τ2 is settled
by an elementary argument; for κ ̸= 4τ2 the structure equations become
a rational system whose solutions are algebraic, and an embedding into
a �eld of Puiseux series excludes every branch. In M2(κ) × R, κ ̸=
0, where the statement fails, we show that a non-CMC surface with
holomorphic original di�erential has nowhere vanishing dH and constant
angle function, and belongs to an explicit family; in particular, closed
surfaces with holomorphic original di�erential are CMC there. We also
show that the Hopf-cylinder alternative in a theorem of Dorfmeister,
Inoguchi and Kobayashi contains no non-CMC surface.

1. Introduction and main results

Hopf's di�erential is holomorphic precisely on constant mean curvature
(CMC) surfaces in three-dimensional space forms; its vanishing on a topo-
logical sphere gives Hopf's sphere theorem [22, Part Two, Ch. VI, �1.4,
Lemma 2.2 and Theorems 2.1 and 2.6, pp. 137�140]. Abresch and Rosenberg

2020 Mathematics Subject Classi�cation. Primary 53A10; Secondary 53C42, 53C30,
53C05, 12H05, 13P15.

Key words and phrases. Abresch�Rosenberg di�erential; Hopf di�erential; constant
mean curvature; homogeneous 3-manifolds; algebraic functions; Puiseux series; resultants;
di�erential �elds; connections with torsion.

Use of generative AI. Claude (Anthropic) was used for English-language editing, for the
typesetting of the tables, whose content was produced by the authors, and for adapting
the LATEX source to the journal's template. It was also used to discuss and check selected
calculations. All mathematical content, statements, proofs, and references are the authors'
own, and the authors take full responsibility for them.

H. Alencar was partially supported by the Brazilian National Council for Scienti�c and
Technological Development � CNPq, Brazil (grant 303118/2022-9), and by the Coordina-
tion for the Improvement of Higher Education Personnel � CAPES, Brazil (Finance Code
001).

1



2 HILÁRIO ALENCAR AND HAROLD ROSENBERG

extended this construction to CMC surfaces in S2×R and H2×R [1, (1)�(2)
and Theorem 1, p. 142] and, more generally, in E(κ, τ) [2, Theorems 4 and 5,
pp. 16�17].

For τ ̸= 0, E(κ, τ) is the simply connected homogeneous Riemannian 3-
manifold �bering over M2(κ) by a Riemannian submersion with geodesic
�bers, whose unit vertical Killing �eld ξ satis�es ∇Xξ = τX × ξ. The signs

κ < 0, κ = 0, and κ > 0 give ˜︁PSL2(R), Nil3, and Berger spheres, respectively
[11, �2, p. 91]; see also [26]. For τ = 0, E(κ, 0) is the product M2(κ) × R
and ξ = ∂t is parallel. Write k = κ − 4τ2; for τ ̸= 0 the case k = 0 is the
round sphere S3(τ2).

Throughout, a surface is a smooth, connected, oriented immersion of a 2-
manifold Σ into E(κ, τ), and Σ is closed if it is compact without boundary.
Let N be the unit normal, S = −∇N the shape operator, H = 1

2 trS the
mean curvature, u = ⟨N, ξ⟩ the angle function, and T = ξ− uN the tangent
part of ξ. In a conformal parameter ζ, put g = λ|dζ|2, p = ⟨S∂ζ , ∂ζ⟩, and
A = ⟨ξ, ∂ζ⟩. The original Abresch�Rosenberg di�erential is

(1.1) QAR = QAR dζ
2, QAR = 2(H + iτ)p− kA2;

in the product spaces QAR = 2Hp − κA2. Abresch and Rosenberg proved
that QAR is holomorphic on every CMC surface [1, Theorem 1, p. 142], [2,
Theorems 4 and 5, pp. 16�17]. Our main result is the converse, without any
global hypothesis.

Theorem 1.1. Let τ ̸= 0 and κ ∈ R. A surface in E(κ, τ) has holomorphic
QAR if and only if its mean curvature is constant.

No completeness, compactness, or analyticity is assumed, and the round
case κ = 4τ2 is included; in particular, for τ ̸= 0 there are no local non-CMC
examples. The hypothesis τ ̸= 0 is essential: in every product spaceM2(κ)×
R there are non-CMC surfaces with holomorphic QAR (Proposition 6.2). For
κ ̸= 0 we determine all of them.

Theorem 1.2. Let κ ̸= 0, and let Σ be a surface in M2(κ) × R with holo-
morphic QAR and nonconstant mean curvature. Then dH vanishes nowhere
on Σ, and:

(a) the angle function is a constant u0 /∈ {0,±1};
(b) ∇H is a principal direction with principal curvature 0, and T is par-

allel to ∇H;

(c) |∇H| =
|u0|

⃓⃓
4H2 + κ(1− u20)

⃓⃓
2
√︁
1− u20

;

(d) Σ is locally congruent to one of the explicit constant angle surfaces
of Proposition 6.1, with the same u0; up to local congruence it is
determined by κ, u0 and the sign of 4H2 + κ(1− u20).

Items (a)�(c) and the nonvanishing of dH hold on all of Σ; item (d) is a
local statement.
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The surfaces in (d) are written down explicitly in Proposition 6.1, and
Theorem 6.3 identi�es Σ with one of them. For κ = ±1, those for which
4H2+κ(1−u20) > 0 are, after a change of conformal parameter, the surfaces
of Proposition 6.2; those with r > 0, hence H < 0, are the examples of [20,
Example 3.1], and for κ > 0 the family continues smoothly across the curve
H = 0; the new content is that constant angle is necessary and that this
family exhausts all possibilities, with no completeness assumption. Since
the mean curvature of a closed surface has a critical point, Theorem 1.2
gives:

Corollary 1.3. Let κ ̸= 0. Every closed surface in M2(κ) × R with holo-
morphic QAR has constant mean curvature.

The implication CMC ⇒ holomorphic is due to Abresch and Rosenberg
[1, Theorem 1, p. 142], [2, Theorems 4 and 5, pp. 16�17]. For the converse, in
Nil3 Berdinsky and Taimanov [7, Proposition 3, p. 1014] proved that the nor-
malized di�erential ˜︁p = QAR/(2H+i) is holomorphic only on CMC surfaces,
and Dorfmeister, Inoguchi and Kobayashi [15, Theorem A.1, p. 441] showed
that a surface with holomorphic original di�erential has constant mean cur-
vature or is a Hopf cylinder; we show in Section 2 that the second alternative
reduces to the �rst. For the normalized di�erential QFM = QAR/(H + iτ),
Fernández and Mira [20, Theorem 1.1, p. 282] obtained a characterization

in ˜︁PSL2(R), H2 × R and the Berger spheres with 0 < κ ≤ 8τ2, with ex-
ceptional non-CMC surfaces when the base curvature is negative; the cases
S2 × R and κ > 8τ2 are left open in [20, �1, p. 282]. To our knowledge,
Theorem 1.1 is the �rst characterization of CMC surfaces by the original
di�erential valid for every κ and every τ ̸= 0, and it admits no exceptional
surfaces. Under compactness, Fernández and Mira proved that a compact
surface in E(κ, τ) with holomorphic QFM, and with nonzero Euler charac-
teristic if τ ̸= 0, has constant mean curvature [20, Remark (3), p. 282, and
�4, p. 289], and they note, referring to [8], that for τ = 0 the same holds
for the original di�erential [20, p. 289]; in the product spaces, Cavalcante
and Lira [8, pp. 172�173] showed that on the set where dH ̸= 0 a surface
with holomorphic original di�erential has zero extrinsic curvature, with ∇H
a principal direction of principal curvature 0, and observed that non-CMC
examples must be noncompact. These arguments use the topology of the
surface, whereas Theorem 1.1 is local; by Proposition 6.2, no local statement
of this kind can hold when τ = 0. Table 2 in Section 2 compares these
results.

For closed surfaces, Theorem 1.1 and the degree of the bundle of quadratic
di�erentials give:

Corollary 1.4. Let τ ̸= 0, and let Σ be a closed surface of genus g in E(κ, τ)
with holomorphic QAR. Then H is constant, and:

(i) if g = 0, then QAR ≡ 0 and Σ is a rotationally invariant CMC
sphere;
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(ii) if g = 1, then QAR either vanishes identically or has no zeros;
(iii) if g ≥ 2 and QAR ̸≡ 0, then QAR has exactly 4g − 4 zeros, counted

with multiplicity.

The rotational invariance in (i) follows from [2, Theorem 6, p. 18] (proof
deferred there), [17, Lemma 6.1 and Theorem 2.3] and [16, Proposition 2.4].
We do not claim that these spheres are embedded: in some Berger spheres
they are only immersed [27, p. 594, and Corollary 1, p. 601].

1.1. Strategy and organization. Section 2 compares the normalizations
of the Abresch�Rosenberg di�erential used in the literature and the results
closest to ours. Section 3 �xes the conventions, compares the holomorphy
conditions of QAR and QFM (Proposition 3.1), and performs the local re-
duction: if QAR is holomorphic and Ω = {dH ̸= 0} ̸= ∅, then in the frame
e1 = ∇H/|∇H|, e2 = Je1,

[S](e1,e2) =

(︃
0 τ
τ 2H

)︃
, detS = −τ2, K = ku2,

where K denotes the intrinsic curvature (Proposition 3.3). Geometrically, N
is parallel along ∇H for a metric connection D which preserves ξ and whose
curvature is k times a rotation about ξ (�3.1); D is �at exactly in the round
case k = 0. Section 4 settles the round case by an elementary argument.
Section 5 treats k ̸= 0: the structure equations become a rational system
whose solutions are algebraic, and an embedding into a �eld of Puiseux series
excludes every branch. Section 6 treats the product spaces, Section 7 proves
Corollary 1.4, and the Appendix contains the computation of the coe�cients
of the compatibility identity and facts on derivations.

2. Normalizations and related results

The Fernández�Mira di�erential [20, �2, pp. 283�285, and Remark 2.6,
p. 285] is

(2.1) QFM = 2p− k

H + iτ
A2, QAR = (H + iτ)QFM.

Here QFM is de�ned where H + iτ ̸= 0, that is, everywhere if τ ̸= 0 and on
{H ̸= 0} if τ = 0. The factor H + iτ is constant on the CMC class, and
nonzero there unless τ = H = 0; but o� the CMC class the two holomorphy
conditions di�er (Proposition 3.1). In the round case QAR = 2(H + iτ)p,
not merely the Hopf coe�cient p. Table 1 relates the coe�cients used in the
literature.

For Nil3, Dorfmeister, Inoguchi and Kobayashi [15, Theorem A.1, p. 441]
prove that if B = QAR/4 is holomorphic, the surface is CMC or a Hopf cylin-
der, and [15, p. 411] presents the Hopf cylinder as a non-CMC example. For
the original di�erential the second alternative contains no non-CMC surface:
on a Hopf cylinderQAR = H2+κ/4 depends only on the arclength of the base
curve (Remark 3.2), so holomorphy forces H constant. Table 2 summarizes
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Reference Coe�cient used Relation to QAR

Abresch�Rosenberg
[1, p. 142], [2,
pp. 16�17]

QAR = 2(H+iτ)p− kA2 QAR itself

Fernández�Mira [20,
pp. 284�285]

QFM = 2p− k
H+iτA

2 QAR =
(H+iτ)QFM

Torralbo [27, p. 594]
(κ ̸= 4τ2)

Θ = p− k
2(H+iτ)A

2 = 1
2QFM QAR = 2(H+iτ)Θ

Berdinsky�
Taimanov [7,
p. 1014] (Nil3)

˜︁p = p+ A2

2H+i QAR = (2H+i)˜︁p
Dorfmeister�
Inoguchi�Kobayashi
[15, eq. (3.9), p. 420]
(Nil3)

B = 1
4 (2H+i) ˜︁A QAR = 4B

Table 1. Coe�cients used for the Abresch�Rosenberg dif-
ferential in the literature, translated into the notation and
sign conventions of the present paper, and their relation to
the original di�erential QAR = 2(H+iτ)p−kA2 of (1.1). For

Nil3 the normalization is κ = 0, τ = 1
2 , so k = −1; ˜︁A is the

notation of [15].

the results closest to ours; by Proposition 3.1, the holomorphy conditions of
QAR and QFM di�er o� the CMC class, and so do their exceptional surfaces
(Section 6).

Daniel's sister correspondence [11, Theorem 5.2, p. 114] multiplies QAR

by a unimodular constant but is de�ned only for CMC surfaces, so it gives
no information on the converse. For a survey see [21]; for a Codazzi pair
whose (2, 0)-part is QAR, see [18].

The companion paper [6, Theorem 1.1, p. 2] shows that the inequality
|dH|g ≤ h|QAR|g, with h ≥ 0 continuous (or in Lp

loc for some p > 2), forces
QAR ≡ 0 and H constant on topological spheres in every E(κ, τ), the round
case κ = 4τ2 included; for τ = 0 and for τ ̸= 0, κ ̸= 4τ2, this conclusion is due
to [5, Theorem 1.1, p. 284] and [4, Theorem 1, p. 526]. That sphere theorem
uses the topology of the sphere and does not yield the local converse proved
here. Moreover, the genus-zero hypothesis cannot be replaced by any other
genus: in the round sphere and in every Berger sphere there are compact
embedded non-CMC surfaces of every genus g ≥ 1 satisfying the inequality
with a constant h [6, Corollary 6.4, p. 15].

3. Geometric formalism and local reduction

Conventions. We retain the notation of the introduction, including k =
κ−4τ2 and the round interpretation when k = 0. The orientation of E(κ, τ)
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Result Space Di�erential Setting Conclusion

[1], [2] E(κ, τ) QAR local H constant ⇒
holomorphic

[7, Prop. 3] Nil3 QAR/(2H+
i)

local holomorphic ⇒
CMC

[15,
Thm. A.1]

Nil3 QAR local holomorphic ⇒
CMC or Hopf
cylinder

[20,
Thm. 1.1]

˜︁PSL2(R),
H2 × R, Berger
spheres with
0 < κ ≤ 8τ2

QFM local holomorphic ⇒
CMC, or
exceptional
non-CMC
surfaces if κ < 0

[20,
Rem. (3)]

E(κ, τ) (with
χ(Σ) ̸= 0 if
τ ̸= 0)

QFM compact holomorphic ⇒
CMC

[20, p. 289],
[8]

M2(κ)× R QAR compact holomorphic ⇒
CMC

Theorem 1.1 E(κ, τ), τ ̸= 0,
all κ

QAR local holomorphic ⇔
CMC

Theorem 1.2 M2(κ)× R,
κ ̸= 0

QAR local non-CMC ⇒
constant angle,
explicit family

Table 2. Results closest to the present paper. �Local� means
that no completeness or compactness is assumed.

is the one for which ∇Xξ = τX × ξ; the rotation of the tangent plane is
JX = N ×X; conformal parameters ζ = x+ iy are positively oriented, with
∂ζ = 1

2(∂x − i∂y); for any connection the curvature is R(X,Y ) = ∇X∇Y −
∇Y ∇X −∇[X,Y ]; and K is the intrinsic (Gaussian) curvature of the induced
metric. Two surfaces are locally congruent if every point of the �rst has a
neighborhood that an isometry of the ambient space carries onto an open
subset of the second. The behavior of these conventions under homotheties
and under the change of orientation τ ↦→ −τ is recorded before (3.16).

Daniel's structure equations [11, Corollary 3.2 and Proposition 3.3, pp. 97�
98; Theorem 4.3, p. 101] are

K = detS + τ2 + ku2,(3.1)

(∇XS)Y − (∇Y S)X = ku(⟨Y, T ⟩X − ⟨X,T ⟩Y ),(3.2)

∇XT = u(SX − τJX),(3.3)

X(u) = −⟨SX − τJX, T ⟩, |T |2 + u2 = 1.(3.4)
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Here K is the intrinsic curvature. In conformal coordinates,

(3.5) K = −∆0 log λ

2λ
, detS = H2 − 4|p|2

λ2
, ∆0 = 4∂ζ∂ζ̄ .

The �rst identity is Liouville's curvature formula for isothermal parameters,
see [14, �4-3, Exercise 1]. For the second, with e1 = ∂x/

√
λ, e2 = ∂y/

√
λ and

Sij = ⟨Sei, ej⟩, bilinearity and ∂ζ =
√
λ
2 (e1−ie2) give p = λ

4 (S11−S22−2iS12),

hence 4|p|2/λ2 = 1
4(S11 − S22)

2 + S2
12 = H2 − detS. In particular, p = 0

precisely at umbilic points.
The fundamental equations [20, Theorem 2.3, p. 283] are

Aζ̄ =
uλ

2
(H + iτ), pζ̄ =

λ

2
(Hζ + kuA),(3.6)

uζ = −(H − iτ)A− 2p

λ
A, 4|A|2 = λ(1− u2).(3.7)

They follow from (3.2)�(3.4) by complex bilinear extension, using J∂ζ = i∂ζ ,

⟨S∂ζ , ∂ζ̄⟩ = λH/2, T = 2Ā
λ ∂ζ + 2A

λ ∂ζ̄ and the Christo�el symbols of the
conformal metric,

(3.8) ∇∂ζ∂ζ = (log λ)ζ ∂ζ , ∇∂ζ∂ζ̄ = ∇∂ζ̄
∂ζ = 0.

For instance, Aζ̄ = ⟨∇∂ζ̄
T, ∂ζ⟩ with ∇∂ζ̄

T = u(S∂ζ̄+iτ∂ζ̄) by (3.3), and pζ̄ is

obtained by pairing the complexi�ed Codazzi equation (∇ζS)∂ζ̄−(∇ζ̄S)∂ζ =

ku(Ā∂ζ −A∂ζ̄) with ∂ζ . The signs agree with [20, (C.1)�(C.4)].
Di�erentiating (1.1) and using (3.6) gives

(QAR)ζ̄ = 2Hζ̄ p+ 2(H + iτ)pζ̄ − 2kAAζ̄

= 2Hζ̄p+ λ(H + iτ)Hζ + kuλA(H + iτ)− kuλA(H + iτ).

The terms kuλA(H + iτ) cancel, leaving, for every immersion,

(3.9) (QAR)ζ̄ = 2pHζ̄ + λ(H + iτ)Hζ .

Thus holomorphy is equivalent to

(3.10) 2pHζ̄ + λ(H + iτ)Hζ = 0.

If H is constant, both derivatives vanish, proving the CMC-to-holomorphy
implication in Theorem 1.1. The identity (3.9), valid for every immersion, is
the starting point for the converse: on the open set where dH ̸= 0, equation
(3.10) determines the Hopf coe�cient p in terms of H and λ, and this rigidly
�xes the shape operator (Proposition 3.3 below).

Proposition 3.1 (Comparison of the holomorphy conditions). For any im-
mersion with τ ̸= 0, with no CMC hypothesis,

(QFM)ζ̄ = λHζ +
kA2

(H + iτ)2
Hζ̄ , (QAR)ζ̄ = (H + iτ)(QFM)ζ̄ +Hζ̄ QFM.

Consequently the holomorphy equations of QAR and QFM are, respectively,

2pHζ̄ + λ(H + iτ)Hζ = 0, kA2Hζ̄ + λ(H + iτ)2Hζ = 0,
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and QAR, QFM have the same zero set.

Proof. Di�erentiating (2.1),

(QFM)ζ̄ = 2pζ̄ − k

[︄
2AAζ̄

H + iτ
−

A2Hζ̄

(H + iτ)2

]︄
.

By (3.6), 2pζ̄ = λHζ + kuλA and

2kAAζ̄

H + iτ
=

2kA

H + iτ
· uλ
2
(H + iτ) = kuλA.

The two terms kuλA cancel, which gives the �rst identity. The second is
the Leibniz rule applied to QAR = (H + iτ)QFM, using (H + iτ)ζ̄ = Hζ̄ .
The holomorphy equation of QAR is (3.10); that of QFM follows from the
�rst identity after multiplication by (H + iτ)2 ̸= 0 (H real, τ ̸= 0). Finally
H + iτ ̸= 0 everywhere, so QAR = 0 ⇐⇒ QFM = 0. □

Equality of the zero sets does not make the two holomorphy conditions
equivalent: if QFM is holomorphic, then (QAR)ζ̄ = Hζ̄QFM. Fernández�

Mira [20, Remark 2.6, p. 285] point out this distinction (they write P dζ2 =
(H+iτ)Qdζ2 for the original di�erential); by Theorem 1.1, their exceptional

surfaces in ˜︁PSL2(R) [20, Theorem 1.1] do not have holomorphic QAR.

Remark 3.2 (Hopf cylinders with holomorphic QAR are CMC). Indepen-
dently of Theorem 1.1: a Hopf cylinder π−1(γ) is characterized by u ≡ 0, so
T = ξ is parallel by (3.3); with the parallel frame e2 = ξ, e1 = −Je2 and �at
coordinates (∂x = e1, ∂y = e2, λ = 1), (3.4) gives S22 = 0, S12 = τ , hence
p = (H − iτ)/2, A = −i/2 and

QAR = (H + iτ)(H − iτ) +
k

4
= H2 +

κ

4
.

Since H is constant along the �bers, every datum is a function of x alone,
and a holomorphic function of x alone is constant; so holomorphy forces H2,
hence H, to be constant. The same argument applies to the normalized
di�erentials, e.g. QAR/(2H + i) = H2/(2H + i) in Nil3.

Assume from now on that QAR is holomorphic and that Ω = {dH ̸= 0}
is nonempty; write f = |∇H| > 0, e1 = ∇H/f , e2 = Je1, a globally
de�ned smooth positively oriented orthonormal frame on a �xed connected
component of Ω, which we continue to denote by Ω.

Proposition 3.3 (Normal form on the non-CMC set). If QAR is holomor-
phic, then on Ω

(3.11) [S](e1,e2) =

(︃
0 τ
τ 2H

)︃
, detS = −τ2, K = ku2.

In particular, ∇H is an asymptotic direction at every point of Ω, and the
principal curvatures are H ±

√
H2 + τ2.
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Proof. At x0 ∈ Ω, rotate the conformal parameter, ζ ↦→ eiθ0ζ, so that
Hζ(x0) > 0; then λ is unchanged, (3.10) is invariant (both terms acquire

the factor e−iθ0), and at x0 the frame (∂x, ∂y)/
√
λ is (e1, e2), so Hζ =

Hζ̄ = f
√
λ/2. Then (3.10) gives p(x0) = −λ(x0)(H(x0) + iτ)/2. Since

p = λ
4 (S11−S22−2iS12) (from ∂ζ =

√
λ
2 (e1−ie2)), this gives S11−S22 = −2H

and S12 = τ ; with S11 + S22 = 2H, S11 = 0 and S22 = 2H. Then
detS = −τ2, and (3.1) gives K = detS + τ2 + ku2 = ku2. Finally
⟨Se1, e1⟩ = S11 = 0, so e1 = ∇H/|∇H| is asymptotic, and the eigenval-

ues of S are H ±
√
H2 − detS = H ±

√
H2 + τ2. □

The normal form is a pointwise consequence of (3.10) and (3.1); no analyt-
icity or global hypothesis is used. Thus every point of Ω is hyperbolic, with
κ1κ2 = −τ2, and ∇H is asymptotic but not principal (⟨Se1, e2⟩ = τ ̸= 0), in
contrast with the product case τ = 0, where ∇H is principal with principal
curvature 0 [8, pp. 172�173]. We now show that the structure equations are
incompatible with this normal form.

On Ω write ∇e1e1 = a e2 and ∇e2e1 = b e2, so that a, b are the coe�cients
of the Levi-Civita connection in the frame (e1, e2), and put ρ

2 = H2+τ2 > 0.

On the open subset of Ω where R :=
√
1− u2 > 0, choose locally a smooth

angle function θ with

T = ξ − uN = R(cos θ e1 + sin θ e2),

and put

P = τ cos θ +H sin θ, L = −τ sin θ +H cos θ,

so that P 2 + L2 = ρ2.

Lemma 3.4 (Frame equations). If QAR is holomorphic, then e1u = 0 on Ω,
and, where R > 0,

a = −τf
ρ2

− kuRP

2ρ2
, b = −Hf

ρ2
− kuRL

2ρ2
,(3.12)

e1u = 0, e2u = −2RP,(3.13)

e1θ = −a, e2θ = −b+ 2uL

R
, e2f = af.(3.14)

Proof. We use the normal form (3.11) throughout.
Step 1: e1u = 0 and e2u = −2RP . Since Se1 = τe2, Se2 = τe1 + 2He2,

Je1 = e2 and Je2 = −e1,

(3.15) (S − τJ)e1 = 0, (S − τJ)e2 = 2(τe1 +He2).

By (3.4), e1u = −⟨(S− τJ)e1, T ⟩ = 0. Where R > 0, write T = R(cos θ e1+
sin θ e2); then e2u = −⟨2τe1 + 2He2, T ⟩ = −2R(τ cos θ +H sin θ) = −2RP .

Step 2: the connection coe�cients. Write ∇e1e1 = ae2, ∇e1e2 = −ae1,
∇e2e1 = be2, ∇e2e2 = −be1. Using (∇XS)Y = ∇X(SY ) − S∇XY and
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e1H = f , e2H = 0, we obtain

(∇e1S)e2 = ∇e1(τe1 + 2He2)− S(−ae1)
= τae2 + 2fe2 − 2Hae1 + aτe2 = −2Hae1 + (2τa+ 2f)e2,

(∇e2S)e1 = ∇e2(τe2)− S(be2)

= −τb e1 − b(τe1 + 2He2) = −2τb e1 − 2Hb e2.

Subtracting and comparing with the right side kuR sin θ e1 − kuR cos θ e2 of
(3.2) gives −2Ha + 2τb = kuR sin θ and 2τa + 2Hb = −2f − kuR cos θ, a
linear system of determinant −4ρ2 ̸= 0 whose solution is (3.12).

Step 3: the angular equations. Since e1u = 0, e1R = 0, and ∇e1T =
R(e1θ+a)(− sin θ e1+cos θ e2); by (3.3) and (3.15), ∇e1T = u(S−τJ)e1 = 0,
so e1θ = −a. Similarly e2R = 2uP , and the component of ∇e2T along
− sin θ e1 + cos θ e2 is R(e2θ + b), while u(S − τJ)e2 = 2u(τe1 + He2) has
component 2uL; hence e2θ = −b+ 2uL/R.

Step 4: e2f = af . Since f = e1H, e2f = e2e1H. By torsion-freeness,
[e2, e1] = ∇e2e1 − ∇e1e2 = be2 + ae1, so e2e1H − e1e2H = [e2, e1]H = af .
Since e2H ≡ 0 on Ω, e1e2H = 0, and hence e2f = e2e1H = af . □

Put Ω′ := Ω ∩ {|u| < 1}, where R > 0, and

Ω∗ := {x ∈ Ω′ : H(x) ̸= 0, u(x) ̸= 0, P (x) ̸= 0}.

On Ω′ the unit vector T/R, and with it cos θ, sin θ, P and L, are well de�ned
and smooth, so Ω∗ is open.

Lemma 3.5 (Regular coordinate region). If QAR is holomorphic, then Ω∗
is dense in Ω, and (H,u) are local coordinates on Ω∗.

Proof. Since the complement of a closed set with empty interior is open and
dense, it su�ces to show that {|u| = 1} has empty interior in Ω and that
the relatively closed sets {H = 0}, {u = 0} and {P = 0} of Ω′ have empty
interior in Ω′.

Step 1: {|u| = 1}. If |u| ≡ 1 on a nonempty open U ⊂ Ω, then |T |2 =
1−u2 ≡ 0, so ∇T ≡ 0 on U . By (3.3) and (3.15), ∇e2T = 2u(τe1+He2) ̸= 0,
since u = ±1 and τ ̸= 0, a contradiction.

Step 2: {H = 0}. If H ≡ 0 on an open U ⊂ Ω′, then dH = 0 there,
contradicting U ⊂ Ω.

Step 3: {P = 0}. Suppose P ≡ 0 on a nonempty open U ⊂ Ω′; by Step 2
we may shrink U so that H ̸= 0 on U . We derive a contradiction in three
substeps.

(i) u and θ are constant along e2. By (3.13), e2u = −2RP = 0. Since
e2H = 0,

0 = e2P = (−τ sin θ +H cos θ) e2θ = Le2θ,

and L ̸= 0 because P 2 + L2 = ρ2 > 0; hence e2θ = 0.
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(ii) f is a function of H, u and θ. By (i) and (3.14), b = 2uL/R. Com-
paring with (3.12) and solving for f ,

2uL

R
= −Hf

ρ2
− kuRL

2ρ2
=⇒ f = −uL(4ρ

2 + kR2)

2HR
.

(iii) Contradiction. Every factor on the right of (ii) has vanishing e2-
derivative: e2u = 0, e2ρ

2 = 2H e2H = 0, e2R = −u e2u/R = 0, and
e2L = (e2H) cos θ − P e2θ = 0. Hence e2f = 0. On the other hand, (3.14)
and (3.12) with P = 0 give e2f = af = −τf2/ρ2 ̸= 0.

Step 4: {u = 0}. If u ≡ 0 on a nonempty open U ⊂ Ω′, then R = 1 and
(3.13) gives P ≡ 0 on U , which is excluded by Step 3.

Hence Ω∗ is dense in Ω. Finally, (dH ∧ du)(e1, e2) = f · (−2RP ) − 0 =
−2fRP ̸= 0 on Ω∗, and the inverse function theorem shows that (H,u) are
local coordinates there. □

Under the homothety ḡ ↦→ c2ḡ, c > 0,

(κ, τ,H, λ, p,A) ↦−→ (κ/c2, τ/c,H/c, c2λ, cp, cA).

Indeed, S ↦→ S/c, so p ↦→ c2p/c = cp; the vertical component scales by
c, while u is unchanged. The ambient sectional curvatures scale by c−2.
Consequently,

2
(︂H
c
+ i

τ

c

)︂
(cp)−

(︂κ− 4τ2

c2

)︂
(cA)2 = 2(H + iτ)p− kA2 = QAR.

Take c = |τ |. If τ < 0, recall that reversing the orientation of E(κ, τ)
gives an orientation-reversing isometry E(κ, τ) → E(κ,−τ) (the sign of τ
in ∇Xξ = τX × ξ depends on the orientation through the cross product).
Reverse accordingly the ambient and induced surface orientations, keeping
N, ξ. This reverses τ , replaces ζ by ζ̄, and conjugates p,A,QAR, preserving
holomorphy. For k ̸= 0 we may therefore assume

(3.16) τ = 1, q =
κ− 4τ2

τ2
̸= 0.

The parameter q = k/τ2 is invariant under both operations.

3.1. A connection adapted to the �bration. We close this section with
a geometric reading of the normal form, which explains the role of k and
the dichotomy between Sections 4 and 5. It is not used in the proof of
Theorem 1.1. Orient E(κ, τ) so that ∇Xξ = τX × ξ, and de�ne

(3.17) DXY := ∇XY − τ X × Y.

Since Y ↦→ X × Y is skew-adjoint, D is a metric connection; its torsion
−2τX×Y is totally skew-symmetric, and DXξ = τX×ξ−τX×ξ = 0. Thus
ξ is D-parallel, and D preserves the horizontal distribution ξ⊥. Moreover
D commutes with Z ↦→ ξ × Z: expanding DX(ξ × Y ) − ξ × DXY with
∇Xξ = τX × ξ leaves τ [(X × ξ)× Y + ξ × (X × Y ) +X × (Y × ξ)], which
vanishes by the Jacobi identity.
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Proposition 3.6 (Curvature of D). The curvature of D is

RD(X,Y )Z = −k ⟨X × Y, ξ⟩ ξ × Z.

In particular D is �at if and only if k = 0, and its holonomy consists of
rotations about ξ.

Proof. Write D = ∇ + T with TXY = −τX × Y . The cross product is
∇-parallel, so ∇T = 0 and RD(X,Y ) = R(X,Y ) + [TX , TY ]. By the Ja-
cobi identity, [TX , TY ]Z = τ2(X × Y ) × Z = −τ2(⟨Y,Z⟩X − ⟨X,Z⟩Y ).
Translated to the present sign convention, the curvature of E(κ, τ) is [11,
Proposition 2.1]

R(X,Y )Z = (κ− 3τ2)(⟨Y, Z⟩X − ⟨X,Z⟩Y )

− k
(︁
⟨Y, ξ⟩⟨Z, ξ⟩X − ⟨X, ξ⟩⟨Z, ξ⟩Y
+ ⟨X, ξ⟩⟨Y, Z⟩ξ − ⟨Y, ξ⟩⟨X,Z⟩ξ

)︁
.

Hence RD(X,Y )Z = k C(X,Y )Z, where C(X,Y )Z is ⟨Y, Z⟩X − ⟨X,Z⟩Y
minus the bracket above. A direct check shows C(X,Y )Z = 0 whenever one
of X,Y, Z equals ξ, so C only sees horizontal components; on a positively
oriented horizontal orthonormal pair E1, E2 (so E1 × E2 = ξ, ξ × E1 = E2,
ξ × E2 = −E1) one has C(E1, E2)E1 = −E2 = −ξ × E1 and C(E1, E2)E2 =
E1 = −ξ×E2. Both sides of the claimed formula are trilinear, which proves
it. □

For any immersion, JX = N ×X gives

(3.18) DXN = −(S − τJ)X, det(S − τJ) = detS + τ2 = K − ku2.

Proposition 3.7. On Ω = {dH ̸= 0}, QAR is holomorphic if and only if
D∇HN = 0.

Proof. By (3.18), De1N = 0 if and only if Se1 = τe2, i.e. S11 = 0, S12 = τ ,
which is the normal form (3.11); in the rotated parameter of the proof of
Proposition 3.3 this is p = −λ(H + iτ)/2, i.e. (3.10). □

On Ω′ = Ω ∩ {|u| < 1} let ν = (N − uξ)/R be the normalized horizontal
part ofN and σ(X) = ⟨DXν, ξ×ν⟩. SinceD preserves ξ⊥ and commutes with

ξ×, Proposition 3.6 gives dσ(X,Y ) = −k⟨X×Y, ξ⟩, and with ω = a e♭1+ b e
♭
2

the connection form of (e1, e2), Lemma 3.4 reads

(3.19) dσ = −ku dA, du = −2RP e♭2, σ =
2L

R
e♭2, dθ = uσ−ω.

The integrability condition d(dθ) = 0 is the Gauss equation K = ku2. For
k = 0, σ is closed, which is why the round case integrates directly (Section 4).
For k ̸= 0 it is not; the curvature of D alone does not exclude non-CMC
surfaces, and the obstruction comes from the full system of Section 5.
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4. Proof of Theorem 1.1 for k = 0

In the round case k = 0 the original di�erential is QAR = 2(H + iτ)p,
and the algebraic reduction of Section 5 is not needed: the proof uses only
(3.10), the Gauss equation and Liouville's formula.

Proof of Theorem 1.1 for k = 0. Suppose QAR is holomorphic and, for con-
tradiction, that Ω = {dH ̸= 0} ̸= ∅. Fix a point of Ω and a simply connected
coordinate disc D ⊂ Ω around it, with conformal parameter ζ = x + iy,
g = λ|dζ|2. Put ρ2 := H2 + τ2 > 0.

Step 1: a natural parameter. Taking moduli in (3.10), |p| = λρ/2 > 0,
so QAR = 2(H + iτ)p has no zeros on D. Choose a holomorphic ω with

eω = QAR [3, Ch. 4] and the new conformal parameter η =
∫︁
eω/2dζ, so that

dη2 = QAR; the relation |p| = λρ/2 is invariant, since |p| and λ acquire the
same factor. In this parameter QAR ≡ 1, so

(4.1) p =
1

2(H + iτ)
, λ =

2|p|
ρ

=
1

ρ2
.

Step 2: the equation for H. Substituting (4.1) in (3.10),

Hζ̄

H + iτ
+

(H + iτ)Hζ

ρ2
= 0.

Multiplying by ρ2 = (H + iτ)(H − iτ) gives (H − iτ)Hζ̄ + (H + iτ)Hζ = 0.

As Hζ̄ = Hζ , this says 2Re
[︁
(H + iτ)Hζ

]︁
= 0, and with Hζ =

1
2(Hx − iHy),

(4.2) HHx + τHy = 0.

The Codazzi equation pζ̄ = λHζ/2 gives the same equation.

Step 3: Gauss. By (3.5) and (4.1), detS = H2−4|p|2/λ2 = H2−ρ2 = −τ2,
so (3.1) givesK = 0. By Liouville's formula∆0 log λ = 0, where∆0 = ∂2x+∂

2
y

is the coordinate Laplacian of (3.5); since log λ = − log ρ2,

(4.3) ∆0ψ = 0, ψ := log(H2 + τ2).

Step 4: computation. Put β := Hx. By (4.2), Hy = −Hβ/τ . Di�erenti-
ating (4.2) in x,

(4.4) τβy + β2 +Hβx = 0.

Di�erentiating Hy = −Hβ/τ in y and using (4.4),

Hyy = −Hyβ +Hβy
τ

=
Hβ2

τ2
− Hβy

τ
=
H

τ2
(︁
2β2 +Hβx

)︁
.

Moreover, for the coordinate gradient ∇0H := (Hx, Hy), |∇0H|2 = β2 +
H2β2/τ2 = β2ρ2/τ2. Since ψ is a function of H with ψ′ = 2H/ρ2 and ψ′′ =
2(τ2−H2)/ρ4, the chain rule ∆0ψ = ψ′′|∇0H|2+ψ′∆0H, ∆0H = βx+Hyy,
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gives

∆0ψ =
2(τ2 −H2)β2

τ2ρ2
+

2H

ρ2

[︂
βx +

H

τ2
(2β2 +Hβx)

]︂
=

2ρ2β2 + 2Hρ2βx
τ2ρ2

=
2

τ2
(︁
β2 +Hβx

)︁
,

because 2(τ2 −H2)β2 + 4H2β2 = 2ρ2β2 and 2Hτ2βx + 2H3βx = 2Hρ2βx.
(Equivalently, ∆0ψ = (H2)xx/τ

2.) By (4.3),

(4.5) β2 +Hβx ≡ 0 on D, and then (4.4) gives βy ≡ 0.

Step 5: contradiction. If β(x0) = 0 at some x0 ∈ D, then Hy(x0) =
−Hβ/τ = 0, so dH(x0) = 0, contradicting D ⊂ Ω. Hence β ̸= 0 on D. By
(4.5), H = 0 would force β2 = 0; so H ̸= 0 and Hy = −Hβ/τ ̸= 0 on D.
Di�erentiating β2 +Hβx = 0 in y and using βy = βxy = 0 gives Hyβx = 0,
hence βx = 0 and then β2 = 0, a contradiction.

Thus Ω is empty and H is constant. The converse follows from (3.9). □

5. Proof of Theorem 1.1 for k ̸= 0

Remark 5.1 (Why the round argument does not extend). For k = 0 the
normalization QAR ≡ 1 �xes p and λ as functions of H. For k ̸= 0 the term
−kA2, with |A|2 = λ(1− u2)/4, brings in u as a second unknown, QAR may
vanish on Ω, and the normalization determines neither p nor λ; equivalently,
dσ = −ku dA ̸= 0 in (3.19). We therefore work with the coordinates (H,u).

We �rst outline the argument for k ̸= 0. Suppose that QAR is holomorphic
and Ω ̸= ∅. By Lemma 3.5 we may work near a point of Ω∗, where (H,u)
are coordinates.

(i) In �5.1 the frame equations of Lemma 3.4 become a �rst-order ratio-
nal system (5.3)�(5.5), (5.8) for two functions z, w of (H,u).

(ii) Equality of the mixed derivatives of w yields a polynomial relation
Π(H,u,w, z) = 0, and hence also XΠ = 0 (Lemma 5.3).

(iii) In �5.2: every smooth solution of the system is real analytic
(Lemma 5.4; analyticity is a consequence, not a hypothesis), so z
and w generate, over F := C(H,u), a �eld E of germs.

(iv) Eliminating z between Π and XΠ by a resultant gives a nontrivial
polynomial equation for w over F (Lemmas 5.6 and 5.7); hence E is
a �nite extension of F .

(v) In �5.3 we embed E in a �eld of Puiseux series in u, preserving ∂H
and ∂u (Lemma 5.8), and show by comparing orders at u = 0 that
the system has no solution there (Lemma 5.10).

(vi) In �5.4 these steps are combined to prove Theorem 1.1 for k ̸= 0.

Fix q ̸= 0 and work on Ω∗, where H ̸= 0, 0 < |u| < 1, P ̸= 0, and (H,u)
are coordinates. Put

s = 1 +H2, ℓ = 4s+ q, C =
1

1− u2
+

q

4s
.
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On a simply connected neighborhood choose the angle θ and set

(5.1) α := arctanH − θ, z := tanα, w := s αH .

With φ = arctanH, so that cosφ = 1/
√
s and sinφ = H/

√
s, the addition

formulas and the de�nitions of P,L (with τ = 1) give

(5.2) P =
√
s cosα, L =

√
s sinα, z = tanα =

L

P
,

a real function, since P ̸= 0 on Ω∗.
On Ω∗ we have H ̸= 0, 0 < |u| < 1, q ̸= 0, 1 + z2 ≥ 1, and w ̸= 0 by (5.6)

below; thus (H,u, z, w) lies in V := {Huw(1 − u2) ̸= 0}, and all divisions
below are legitimate.

5.1. The rational system and a polynomial relation. The angular
equations give

zH = (1 + z2)
w

s
,(5.3)

zu = (1 + z2)A, A := −qHu
4sw

+ uzC,(5.4)

wu = G, G :=
w

u
+
qu(Hz + 1)

4s
− uwC(1 + z2).(5.5)

Indeed, e1 = f∂H and e2 = −2RP ∂u, as both sides agree on H and u
by (3.13). By (3.14) and (3.12) (with τ = 1, k = q), e1α = f/s + a =
−quRP/(2s), so αH = −quRP/(2sf) and

(5.6) w = sαH = −quRP
2f

, i.e.
f

RP
= − qu

2w
;

then zH = (1 + z2)αH is (5.3). Next, αu = e2α/(−2RP ) =
(−b + 2uL/R)/(2RP ); substituting b from (3.12), (5.6), L/P = z and
R2 = 1 − u2 gives αu = A, hence (5.4). Finally, w = −quR

√
s cosα/(2f)

by (5.2), so wu/w = 1/u − u/(1 − u2) − zαu − fu/f ; since e2f = af ,
fu/f = −a/(2RP ) = −qu/(4sw) + qu/(4s), and substituting gives (5.5).

To determine wH , use (αu)H = (αH)u. Introduce

(5.7) X := ∂H + (1 + z2)
w

s
∂z + B ∂w, Y := ∂u + (1 + z2)A ∂z + G ∂w

where B = wH . Along a solution, these vector �elds act as the total deriva-
tives with respect to H,u.

Di�erentiating αu = A along the graph gives

(αu)H = AH +Az zH +Aw wH = AH +Az(1 + z2)
w

s
+Aw B.

Since (αH)u = (w/s)u = G/s, equality of mixed derivatives gives

wH = B :=
G/s−AH −Az(1 + z2)w/s

Aw
,

Aw =
qHu

4sw2
̸= 0.

(5.8)
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Here subscripts on A are formal partial derivatives. With CH = −qH/(2s2),
Az = uC and AH = −qu(1−H2)/(4s2w) + uzCH , a direct simpli�cation of
(5.8), dividing term by term by Aw, gives

(5.9) B =
4w3

qHu2
+
w2(3Hz + 1) + w(1−H2)

Hs
− 8w3C(1 + z2)

qH
.

From now on, X and Y denote the vector �elds (5.7) with B the explicit
rational function (5.9).

Remark 5.2 (Geometric meaning of the system). With τ = 1,
σ = −z du/(1− u2), and (5.3)�(5.4) are the two components of dθ = uσ−ω
in (3.19), i.e. of the transport law (3.3); (5.5) is the symmetry e2f = af of
the Hessian of H; and (5.8) comes from d(dθ) = 0, i.e. the Gauss equation.
Thus Π = 0 below expresses the compatibility of the Gauss equation with
the symmetry of the Hessian of H for a surface whose normal is D-parallel
along ∇H.

We now derive a polynomial relation and use it to prove that w, z are
algebraic over C(H,u).

De�ne the polynomials

δ := 6sℓ− qu2(14s+ q) + q2u4

and

Π := 4δw3(1 + z2)

+ q
[︁
7u2(ℓ− qu2)z2 + 4s(11u2 − 4) + 7qu2(1− u2)

]︁
w2

− 8Hq(1− u2)w(3sw + qu2)z

− 2q2u2(1− u2)(1− 3H2)w − q2su2(1− u2)(5.10)

in C[H,u,w, z].

Lemma 5.3 (Polynomial compatibility). Every solution of (5.3)�(5.8) sat-
is�es Π = XΠ = 0.

Proof. On the graph (H,u, z(H,u), w(H,u)), X,Y are the pushforwards of
∂H , ∂u. Hence [X,Y ] vanishes there.

The ∂H - and ∂u-components of [X,Y ] vanish identically. We calculate the
other two components.

Put Ξ = (1 + z2)w/s. The ∂z-component is

X
(︁
(1 + z2)A

)︁
− Y Ξ = (1 + z2)

(︂
AH + ΞAz + BAw − G

s

)︂
+ 2zΞA− 2zΞA.

The terms 2zΞA cancel, and the remaining bracket is zero by (5.8). Thus
this component vanishes identically.
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For the ∂w-component, write A = a−1w
−1 + a0, G = g1w + g0, and

B = b3w
3 + b2w

2 + b1w, where

a−1 = −qHu
4s

, a0 = uzC,

g1 =
1

u
− uC(1 + z2), g0 =

qu(Hz + 1)

4s
,

b3 =
4

qHu2
− 8C(1 + z2)

qH
, b2 =

3Hz + 1

Hs
, b1 =

1−H2

Hs
.

Put v = (1+ z2)/s and ãj = (1+ z2)aj for j = −1, 0. No negative powers of
w occur in XG − Y B: the only possible pole, in A, is canceled by the factor
w in ∂zB.

Expanding XG = ∂HG + vw∂zG + B∂wG and Y B = ∂uB + (ã−1w
−1 +

ã0)∂zB+G∂wB in powers of w, one �nds XG−Y B =
∑︁3

j=0 rjw
j , where

r3 = −(b3)u − (1 + z2)a0(b3)z − 2g1b3,

r2 = v(g1)z − (b2)u − (1 + z2)
(︁
a−1(b3)z + a0(b2)z

)︁
− g1b2 − 3g0b3,(5.11)

r1 = (g1)H + v(g0)z − (b1)u − (1 + z2)
(︁
a−1(b2)z + a0(b1)z

)︁
− 2g0b2,

r0 = (g0)H − (1 + z2)a−1(b1)z − g0b1.

Substituting the explicit rational functions a−1, a0, g1, g0, b3, b2, b1
recorded above into the four formulas (5.11) and simplifying�a direct but
lengthy application of the product and quotient rules to functions already
on hand, carried out in full in Fact A.1�gives

r0 = − qu

4Hs
, r1 = −qu(1− 3H2 + 4Hz)

2Hs2
,

r2 = − J2
4Hus2(u2 − 1)

, r3 = − δ(1 + z2)

qHus2(u2 − 1)
,

where

J2 := 7u2(ℓ− qu2)z2 + 4s(11u2 − 4) + 7qu2(1− u2)− 24Hs(1− u2)z.

Multiplying by −4qHus2(u2 − 1), the four terms rjw
j become

4δ(1 + z2)w3, qJ2w
2,

−2q2u2(1− u2)(1− 3H2)w − 8Hq2u2(1− u2)zw,

−q2su2(1− u2),

respectively. The two terms containing z to the �rst power, namely
−24Hqs(1 − u2)zw2 from qJ2w

2 and −8Hq2u2(1 − u2)zw, add up to
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−8Hq(1 − u2)w(3sw + qu2)z. Comparing with (5.10) term by term, the
sum is exactly Π, so

(5.12) XG − Y B = − Π

4qHus2(u2 − 1)
.

On the graph, the left side is wuH−wHu = 0 and the denominator is nonzero.
Hence Π = 0; di�erentiating this identity along X gives XΠ = 0. □

5.2. Analyticity and algebraicity. We next pass from smooth solutions
to analytic germs.

Lemma 5.4 (Analyticity of the graph). Every smooth graph solving zH =
(1 + z2)w/s, zu = (1 + z2)A, wH = B, wu = G is locally real analytic on
V = {Huw(1− u2) ̸= 0}.

Proof. The rational vector �elds X,Y are real analytic on V , since q ̸= 0
and s = 1 +H2 > 0.

Fix p0 = (H0, u0, z0, w0) on the graph. The local �ows Φ
t
X ,Φ

r
Y are analytic

in time and initial data [23, Ch. I, �1], and, X and Y being locally Lipschitz,
every C1 integral curve coincides with the corresponding �ow line. Hence

Ψ(h, v) := Φv−u0
Y

(︁
Φh−H0
X (p0)

)︁
is analytic near (H0, u0).

Since (XH,Xu) = (1, 0) and (Y H, Y u) = (0, 1), the (H,u)-projection of
Ψ(h, v) is (h, v).

The graph curve at u = u0 solves the X-equation through p0. Uniqueness
gives

Φh−H0
X (p0) = (h, u0, z(h, u0), w(h, u0)), h near H0.

For �xed h, the curve v ↦→ (h, v, z(h, v), w(h, v)) solves the Y -equation

with initial point Φh−H0
X (p0). Uniqueness again gives Ψ(h, v) =

(h, v, z(h, v), w(h, v)).
Thus z, w are analytic. Uniqueness was applied only to integral curves

lying on the graph, so the relation [X,Y ] = 0 is not used. □

Fix a real point (H0, u0) of the coordinate domain of Ω∗. By Lemma 5.4,
z and w extend holomorphically to a complex polydisc ∆ around (H0, u0) on
whichH, u, w, 1−u2 and s have no zeros; each identity in (5.3)�(5.8), holding
on the real square∆∩R2, holds on∆ by the identity theorem in each variable.
Inside the �eld of meromorphic germs at (H0, u0) set E = C(H,u)(w, z);
C(H,u) embeds in it, since no nonzero polynomial vanishes on an open set.
All subsequent identities hold in this �eld.

We now eliminate z by a resultant, to obtain a nontrivial relation
R(H,u,w) = 0.

Put D0 := Hqu2s(u2 − 1), M := D0B and N := D0XΠ, and write
Π0 = Π|u=0, N0 = N|u=0.



HOLOMORPHIC ORIGINAL AR DIFFERENTIAL AND CMC 19

Lemma 5.5 (Values at u = 0). The functions M and N belong to
C[H,u,w, z], with

(5.13) N = D0ΠH +Hqu2(u2 − 1)(1 + z2)wΠz +MΠw,

and
(5.14)
Π0 = 8sw2Λ(z), Λ(z) = 3ℓw(1+z2)−3Hqz−2q, N0 = −4sw3 ∂wΠ0.

Proof. Substituting C = (4s+q(1−u2))/(4s(1−u2)) in (5.9) and multiplying
by D0 gives the polynomial

M = 4s(u2 − 1)w3 + qu2(u2 − 1)
[︁
w2(3Hz + 1) + w(1−H2)

]︁
+ 2u2

[︁
4s+ q(1− u2)

]︁
w3(1 + z2).

Since X = ∂H + (1+ z2)ws ∂z +B∂w and D0(1+ z2)w/s = Hqu2(u2 − 1)(1+

z2)w, the formula for N follows, and it is a polynomial. As degz Π = 2 and
degzM = 2, it has degz N ≤ max(2, 2+1, 2+2) = 4. At u = 0: δ(0) = 6sℓ,
so the �ve groups in (5.10) become 24sℓw3(1 + z2), −16qsw2, −24Hqsw2z,
0 and 0, whose sum is 8sw2Λ(z). In the formula for N the coe�cients D0

and Hqu2(u2 − 1)(1 + z2)w vanish at u = 0, while M |u=0 = −4sw3; since
setting u = 0 commutes with ∂w, this gives N0 = −4sw3∂wΠ0. □

By (5.10) and the proof of Lemma 5.5, degz Π = 2 and degz N ≤ 4. Let

R := Res
(2,4)
z (Π,N ) be the Sylvester determinant of Π and N formed with

the nominal degrees (2, 4) in z.

Lemma 5.6 (Nonvanishing of the resultant). The resultant R is a nonzero
element of C[H,u,w], and R = c1Π+ c2N for some c1, c2 ∈ C[H,u,w, z].

Proof. We work in C[H,u,w, z], with q ∈ C∗ �xed. The Sylvester determi-
nant of two polynomials of nominal degrees (2, 4) in z lies in the ideal they
generate, whether or not the leading coe�cients vanish [24, Ch. IV, �8], [10,
Ch. 3]; this gives c1, c2. Setting u = 0 commutes with the determinant, so

R|u=0 = Res
(2,4)
z (Π0,N0), with Π0,N0 given by (5.14).

Write Λ(z) = 3ℓw (z−µ1)(z−µ2) over C(H,w); then Π0 has exact degree 2
in z, with leading coe�cient a2 = 24sℓw3, and for nominal degrees (2, 4) the

root formula Res
(2,4)
z (Π0,N0) = a 4

2 N0(µ1)N0(µ2) holds whatever the actual
degree of N0 [24, Ch. IV, �8]. Since ∂wΠ0 = 16swΛ+24sℓw2(1+ z2), we get
N0(µj) = −96s2ℓw5(1 + µ2j ), and (1 + µ21)(1 + µ22) = Λ(i)Λ(−i)/(3ℓw)2 =

q2(4 + 9H2)/(9ℓ2w2), because Λ(±i) = −q(2± 3iH). Hence

R|u=0 = 222 34 q2s8ℓ4(4 + 9H2)w20 ̸= 0,

as q ̸= 0 and s, ℓ = 4 + 4H2 + q, 4 + 9H2 are nonzero polynomials in the
indeterminate H. □

Lemma 5.7 (Algebraicity). For a real solution with w ̸= 0, w is algebraic
over C(H,u) and z is algebraic over C(H,u,w). Hence [E : C(H,u)] <∞.
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Proof. By Lemma 5.6, R = c1Π+ c2N with polynomial c1, c2. On the graph
Π = 0 and N = D0XΠ = 0, so R(H,u,w(H,u)) = 0 on an open polydisc.
Consider degw R. Case degw R = 0. Then R is a nonzero element of C[H,u]
vanishing on an open polydisc in the independent coordinates (H,u), which
is impossible. Case degw R ≥ 1. Then R(H,u, Z) is a nonzero polynomial in
Z over C(H,u), and R(H,u,w) = 0 shows that w is algebraic over C(H,u).

For z, collect powers of z in Π: Π = A2z
2 +A1z +A0 with

A2 = 4δw3 + 7qu2(ℓ− qu2)w2,

A1 = −8Hq(1− u2)w(3sw + qu2),

A0 = 4δw3 + q
[︁
4s(11u2 − 4) + 7qu2(1− u2)

]︁
w2

− 2q2u2(1− u2)(1− 3H2)w − q2su2(1− u2).

If A1 ̸= 0 we are done. If A1 = 0, thenHq(1−u2)w ̸= 0 gives w = −qu2/(3s),
an element of F ; then A0 is an element of F as well, and we show that it is
not zero by expanding it in powers of u in C(H)((u)). Since δ(0) = 6sℓ, the
four terms of A0 have, with w = −qu2/(3s), lowest powers u6, u4, u4 and
u2 respectively; the last term is −q2su2(1−u2), with coe�cient −q2s ̸= 0 of
u2. Hence A0 = −q2su2 + O(u4) ̸= 0. Thus Π is a nonzero polynomial in z
over C(H,u,w). If its coe�cients of positive degree in z both vanished, then
Π = A0 ̸= 0, contradicting Π = 0; hence Π has positive degree in z, and
Π = 0 shows that z is algebraic over C(H,u,w). Finiteness of [E : C(H,u)]
follows, since E is generated by the two algebraic elements w, z. □

5.3. Exclusion of the algebraic branches. Put F = C(H,u) and let

K = C(H) be an algebraic closure of C(H). The derivation d/dH of C(H)
extends uniquely to K (Fact A.2(a)); we denote it by a prime. Its �eld of
constants is C (Fact A.2(b)):

(5.15) ker
(︁
d/dH|K

)︁
= C.

Let

(5.16) L :=
⋃︂
n≥1

K
(︁
(u1/n)

)︁
be the �eld of Puiseux series

∑︁
r≥r0

aru
r, ar ∈ K, r ∈ 1

nZ. Since K is
algebraically closed of characteristic zero, L is algebraically closed by the
Newton�Puiseux theorem [25], [28, Ch. IV]. This is the reason for passing
from C(H) to K: with coe�cients in C(H) the corresponding �eld is not

algebraically closed (for instance, Z2 = H has no root in
⋃︁

nC(H)((u1/n))),
and the embedding of Lemma 5.8 might not exist. For 0 ̸= Φ ∈ L let ν(Φ)
be the smallest exponent occurring in Φ, and ν(0) = +∞; then ν(ΦΨ) =
ν(Φ)+ν(Ψ) and ν(Φ+Ψ) ≥ min{ν(Φ), ν(Ψ)}, with equality if ν(Φ) ̸= ν(Ψ).

De�ne on L

(5.17) DH

(︂∑︂
r

aru
r
)︂
:=

∑︂
r

a′r u
r, Du

(︂∑︂
r

aru
r
)︂
:=

∑︂
r

rar u
r−1.
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Both are derivations (the product rule holds coe�cientwise). Under the
Laurent expansion at u = 0, F ↪→ C(H)((u)) ⊂ L, they restrict to ∂H , ∂u
on F : if j : F ↪→ L denotes this embedding, then DH ◦ j and j ◦ ∂H (and
likewise Du ◦ j and j ◦ ∂u) are derivations F → L that vanish on C and
agree on H and u, hence agree on C[H,u] and, by the quotient rule, on F .
Directly from (5.17): if ν(Φ) = r, write Φ = aur(1 + η) with a ∈ K× and
ν(η) > 0; then Duη has order > −1, and

(5.18) ν(DHΦ) ≥ r,
DuΦ

Φ
=
r

u
+

Duη

1 + η
, ν

(︂ Duη

1 + η

)︂
> −1.

In particular, ν(DuΦ) = r − 1 if r ̸= 0.
Since F has characteristic zero, every algebraic extension of F is separable,

and by Fact A.2(a) the derivations ∂H , ∂u of F extend uniquely to any al-
gebraic extension. The next lemma states that an F -embedding intertwines
these unique extensions.

Lemma 5.8 (Transport of the derivations). Let E ⊃ F be a �nite extension
on which ∂H , ∂u act as derivations extending those of F , and let ι : E ↪→ L
be an F -embedding (it exists since L is algebraically closed). Then

DH(ιa) = ι(∂Ha), Du(ιa) = ι(∂ua) (a ∈ E).

Proof. Let M ∈ F [Z] be the monic minimal polynomial of a; it is separable
(characteristic zero), so MZ(a) ̸= 0 and, ι being injective and F -linear,
MZ(ιa) = ι(MZ(a)) ̸= 0. Let ∂ be ∂H or ∂u, with counterpart D on L, and
let M∂ be M with ∂ applied to its coe�cients. Applying ∂ to M(a) = 0 in
E, and D to M(ιa) = 0 in L (where D = ∂ on F ), gives

∂a = −M∂(a)

MZ(a)
, D(ιa) = −M∂(ιa)

MZ(ιa)
= ι

(︂
−M∂(a)

MZ(a)

)︂
= ι(∂a). □

Apply this to E = C(H,u)(w, z), which is �nite over F by Lemma 5.7
and stable under ∂H , ∂u by (5.3)�(5.8), whose denominators are products
of powers of H, u, w, s, 1 − u2, all invertible in E (germs not vanishing
identically on the connected ∆ are invertible). The derivations of E are
the unique extensions of those of F (Fact A.2(a)). Identifying E with ι(E),
(5.3)�(5.8) and Π = XΠ = 0 hold in L with DH , Du, and w ̸= 0, 1 + z2 ̸= 0
persist.

Remark 5.9 (The passage to u = 0 is formal). From now on u is an inde-
terminate of F = C(H,u), and �u = 0� refers only to the valuation ν of L.
No point of the surface with ⟨N, ξ⟩ = 0 is used, the surface is not extended,
and no convergence of Puiseux series is claimed. Since H,u are independent
indeterminates, H is transcendental over C; this makes the �nal identities
(5.21) and (5.24) contradictory.

Lemma 5.10 (Incompatibility of the orders). Let q ∈ C\{0}. There are no
w, z ∈ L with w ̸= 0, 1 + z2 ̸= 0, satisfying (5.3)�(5.5) (with DH , Du) and
Π = 0.
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Proof. All orders refer to the valuation ν of L (Remark 5.9). Write w =
tuγ + · · · with t ∈ K∗, γ = ν(w) ∈ Q. The cases are summarized in Ta-
ble 3; in each, the leading terms are compared exactly, including possible
cancellations.

Case Orders forced Contradiction Equation used;
nonzero leading
coe�cient

ν(z) ≥ 0,
γ = 0

� term t/u in (5.5)
unmatched

(5.5); t ̸= 0 (t ∈ K∗)

ν(z) ≥ 0,
γ ≥ 2

� ν(Π) = 2, so
Π ̸= 0

Π; coe�cient −q2s
of u2 in the last
term of (5.10)
(q ̸= 0,
s = 1 +H2 ̸= 0)

ν(z) ≥ 0,
0 < γ < 2

γ = 1,
z = c+ z1u+ · · · ,
c ∈ C, c ̸= ±i

order 2 of Π and
order 1 of (5.3)
give (5.21)

(5.5) (γ = 1, as
t ̸= 0), Π, (5.3);
z1 ̸= 0, ϖ ̸= 0 by
(5.19); constant
term 3 in (5.21)

ν(z) =
−b < 0,
γ > 2

� term of order
1− γ < −1 in
(5.22) unmatched

(5.22); coe�cient
q/(4st) ̸= 0 of u1−γ

ν(z) =
−b < 0,
γ < 2

γ − b = 1,
γ + b = 2, so
(γ, b) = ( 32 ,

1
2 )

ν(Π) = 2, so
Π ̸= 0

(5.22), (5.4), Π;
coe�cient −q2s of
u2 in the last term
of (5.10)

ν(z) =
−b < 0,
γ = 2

b = 2,
cancellation of
the leading terms
of A

orders −1 of
(5.22) and −2 of
(5.3) give (5.24)

(5.4): Duz has
leading coe�cient
−2c ̸= 0, forcing the
cancellation;
H4-coe�cient 4 in
(5.24)

Table 3. The cases in the proof of Lemma 5.10.

Preliminary: γ ≥ 0, and γ ≥ b if ν(z) = −b < 0. By (5.3), w =
sDHz/(1 + z2). If ν(z) = −b < 0, then ν(DHz) ≥ −b and ν(1 + z2) = −2b,
so γ ≥ b. If ν(z) ≥ 0, write z = c+ε with c ∈ K, ν(ε) > 0. When 1+c2 ̸= 0,
ν(1+z2) = 0 and γ ≥ ν(DHz) ≥ 0. When c = ±i (a constant), DHz = DHε
and 1 + z2 = ε(2c + ε) has order exactly ν(ε), while ν(DHε) ≥ ν(ε); again
γ ≥ 0.

Case 1: ν(z) ≥ 0, z = c+ · · · with c ∈ K.
Step 1: γ = 1. If γ = 0, write w = t+ η, ν(η) > 0. In (5.5), Duw = Duη

has order > −1, whereas w/u has the term t/u and the other two terms of
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G have order ≥ 1: a contradiction. If γ ≥ 2, the �rst four terms of Π (those
containing w) have orders at least 3γ, 2γ, min{2γ, γ + 2}, γ + 2, all > 2,
while −q2su2(1−u2) has order exactly 2; so Π ̸= 0. Hence 0 < γ < 2. Then
the three terms of G have orders γ − 1, ≥ 1, ≥ γ + 1, and comparing the
terms of order γ − 1 in (5.5) gives γt = t, that is, γ = 1.

Step 2: expansions. The right side of (5.3) has order ≥ γ = 1, so the
constant term of DHz vanishes: c′ = 0, and c ∈ C by (5.15). Below, o(1)
denotes terms of positive order. Since w/u = t+ o(1),

A = − qH

4s (w/u)
+ uzC = −qH

4st
+ o(1).

If c = ±i, then ε := z − c ̸= 0 has ν(Duε) = ν(ε)− 1, whereas (1 + z2)A =
ε(2c+ ε)A has order ν(ε), contradicting (5.4). So 1+ c2 ̸= 0, and (5.4) gives
Duz = z1 + o(1) with

z1 = −(1 + c2)qH

4st
̸= 0.

As Du(z − c) has no terms of negative order, z − c has no terms of order in
(0, 1), and its coe�cient of u is z1: z = c+ z1u+ (terms of order > 1).

Step 3: coe�cient identities. Insert w = tu+ (order > 1) and the expan-
sion of z into Π. The terms of order 2 come from only three terms: −16qst2

from the second group (the bracket equals −16s+O(u2)), −24Hqst2c from
the third (only 3sw2z matters), and −q2s from the last. Hence

(5.19) −qs
[︁
8t2(2 + 3Hc) + q

]︁
= 0.

Comparing the coe�cients of u in (5.3) gives z′1 = (1+c2)t/s; with the value
of z1 and c′ = 0,

(5.20)
(︂
−qH
4st

)︂′
=
t

s
.

Set ϖ = 2 + 3Hc. By (5.19), t2 = −q/(8ϖ) and ϖ ̸= 0; di�erentiating
t2ϖ = −q/8 gives t′/t = −3c/(2ϖ), hence (st)′/(st) = 2H/s− 3c/(2ϖ) and(︂

−qH
4st

)︂′
= − q

4st

[︂
1− 2H2

s
+

3Hc

2ϖ

]︂
.

Multiplying (5.20) by −4st/q and using −4t2/q = 1/(2ϖ),

1− 2H2

s
+

3Hc

2ϖ
=

1

2ϖ
.

Multiplying by 2ϖs and expanding,

(5.21) 3− 5H2 + (9H − 3H3)c = 0.

Since c ∈ C and H is transcendental over C, this is a polynomial identity in
H with constant term 3 ̸= 0, a contradiction. This excludes Case 1.

Case 2: ν(z) = −b < 0, z = cu−b + · · · , c ∈ K∗. By the preliminary,
γ ≥ b > 0. Divide (5.5) by w and multiply (5.4) by z/(1 + z2); adding, the
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terms ±qHuz/(4sw) cancel and −uC(1 + z2) + uz2C = −uC, so

(5.22)
Duw

w
+
zDuz

1 + z2
=

1

u
− uC +

qu

4sw
.

The left side is 1
2DuΦ/Φ with Φ = w2(1 + z2), ν(Φ) = 2γ − 2b; by (5.18) it

equals (γ − b)/u+ (order > −1). On the right, −uC has order exactly 1 (as
C(0) = ℓ/(4s) ̸= 0), and qu/(4sw) has order 1− γ. If γ > 2, the latter is a
term of order < −1 that nothing on the left can match. So γ ≤ 2.

For γ > b, the �rst term of A has order 1 − γ and the second 1 − b, so
ν(A) = 1− γ, and comparing orders in (5.4) (ν(Duz) = −b− 1) gives

(5.23) −b− 1 = 1− γ − 2b, i.e. γ + b = 2.

Subcase γ < 2. Then qu/(4sw) has order > −1, and the coe�cients of
u−1 in (5.22) give γ − b = 1. So γ > b, and (5.23) yields b = 1

2 , γ = 3
2 .

The �ve terms of Π in (5.10) then have orders 7
2 , 3, ≥

5
2 ,

7
2 and exactly 2

(the bracket in the second term has constant term −16s), so ν(Π) = 2 and
Π ̸= 0, a contradiction.

Subcase γ = 2. If b < 2, then γ > b, so (5.23) gives b = 0, which is
excluded; since b ≤ γ = 2, b = 2. Write w = tu2+ · · · , z = cu−2+ · · · . Both
terms of A have order −1, so (1 + z2)A has order −5 unless their leading
coe�cients cancel, whereas ν(Duz) = −3. Cancellation requires

−qH
4st

+
ℓc

4s
= 0, i.e. c =

qH

ℓt
.

In (5.22) the coe�cient of u−1 is γ− b = 0 on the left and 1+ q/(4st) on the
right, so t = −q/(4s) and c = −4sH/ℓ. The coe�cient of u−2 in (5.3) gives
c′ = c2t/s = −4qH2/ℓ2. On the other hand, with s′ = 2H and ℓ′ = 8H,

c′ = −
4
[︁
(1 + 3H2)ℓ− 8H2s

]︁
ℓ2

.

Equating, (1 + 3H2)ℓ− 8H2s = qH2; expanding with ℓ = 4 + 4H2 + q this
reads

(5.24) 4s2 + q(1 + 2H2) = 0.

Its H4-coe�cient is 4 ̸= 0, impossible because H is transcendental over C.
All cases are excluded.

□

5.4. Conclusion of the proof.

Proof of Theorem 1.1 for k ̸= 0. If Ω were nonempty, Lemma 3.5 would give
a point of Ω∗ with coordinates (H,u), near which z, w satisfy (5.3)�(5.8) and
Π = XΠ = 0, with w ̸= 0 by (5.6) and 1+ z2 = sec2 α ≥ 1. Lemmas 5.4, 5.7
and 5.8 transport these identities to L, contradicting Lemma 5.10. Hence
dH = 0; connectedness makes H constant. The converse follows from (3.9).

□
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6. The product spaces

In this section τ = 0, k = κ, and ξ = ∂t is parallel. We write QAR for the
same formal expression (1.1) with τ = 0, that is, QAR = 2Hp − κA2; the
product spaces lie outside the scope of Theorem 1.1. Data (λ, u,H, p,A) on
a simply connected domain satisfying (3.6)�(3.7) de�ne a local immersion
into M2(κ)×R: for κ ̸= 0 these are the integrability conditions (C.1)�(C.4)
of [20, Theorem 2.3, p. 283], which are su�cient when κ − 4τ2 ̸= 0 (see
also [11, Theorem 4.3, p. 101]); for κ = 0 one adds the Gauss equation and
the vertical equation Aζ − (λζ/λ)A = up (the pairing of ∇∂ζT with ∂ζ in
(3.3), using (3.8)) and uses the classical fundamental theorem for surfaces
in R3 [14, �4-3 and the Appendix to Ch. 4]; the vertical equations make
T + uN a parallel unit �eld, identi�ed with ∂t by a rigid motion. Surfaces
with constant angle function in S2×R and H2×R were classi�ed in [12] and
[13]; we single out those with holomorphic QAR. Among surfaces of constant
angle u0 /∈ {0,±1}, holomorphy of QAR is equivalent to ∇H being parallel
to T on {dH ̸= 0}, that is, to H being constant along the lines of curvature
orthogonal to T (Corollary 6.4). This is the condition, additional to the data
of the classi�cations in [12, 13], that selects the family of Proposition 6.1:
there all data depend only on the parameter σ along T .

Fix κ ∈ R, u0 ∈ (−1, 1) \ {0}, and put R0 =
√︁
1− u20. Let Y (σ) > 0 be

a solution of (log Y )′′ = −κu20Y 2 on an interval; this equation has the �rst
integral

(6.1)
(︂Y ′

Y

)︂2
= C − κu20Y

2, C ∈ R constant.

On the strip ζ = σ + iυ put v = log Y and

(6.2) λ = Y 2, u = u0, A =
R0Y

2
, H =

R0v
′

2u0Y
, p = −λH

2
.

Proposition 6.1 (Constant angle surfaces). The data (6.2) de�ne a local
immersion into M2(κ)× R with constant angle function u0,

(6.3) QAR ≡ −R
2
0C

4u20
, H ′ = − R0C

2u0Y
, 4H2 + κR2

0 =
R2

0C

u20Y
2
.

In particular, QAR is holomorphic, and the immersion is CMC if and only
if C = 0. Moreover:

(i) if κ > 0, then C > 0;
(ii) if κ = 0, then C ≥ 0, and C = 0 exactly when Y is constant and

H = p = 0 (a plane of constant angle);
(iii) if κ < 0, every sign of C occurs; the surfaces with C < 0 satisfy

4H2 < |κ|R2
0.

Proof. By hypothesis v′′ = −κu20Y 2, and (6.1) holds with a constant C
because (v′2 + κu20e

2v)′ = 2v′(v′′ + κu20e
2v) = 0. All data depend on σ only,

so Fζ = Fζ̄ = F ′/2, with ′ = d/dσ, and we check (3.6)�(3.7), the Gauss
equation and the vertical equation.
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• Aζ̄ =
uλ
2 H, i.e. A′ = u0λH: both sides equal R0Y v

′/2.

• pζ̄ =
λ
2 (Hζ +κuA), i.e. p′ = λ(H ′/2+κu0A): H

′ = R0
2u0Y

(v′′− v′2) =

− R0C
2u0Y

, and p′ = − R0
4u0

(Y v′)′ = −R0Y
4u0

(v′2+v′′) = −R0Y C
4u0

+κu0R0Y 3

2 =

λ
(︁
H′

2 + κu0A
)︁
.

• uζ = −HA − 2p
λ Ā: both sides vanish, since 2p/λ = −H and A is

real.
• 4|A|2 = R2

0Y
2 = λ(1− u20).

• Gauss: detS = H2 − 4|p|2/λ2 = 0, and (log λ)′′ = 2v′′ = −2κu20λ,
which is Liouville's formula for K = κu20.

• Vertical equation: Aζ − (λζ/λ)A = R0Y v′

4 − R0Y v′

2 = −R0Y v′

4 = u0p.

Finally QAR = 2Hp − κA2 = −λH2 − κR2
0Y

2/4 = − R2
0

4u2
0
(v′2 + κu20Y

2) =

−R2
0C

4u2
0
, and the last identity in (6.3) follows from 4H2 = R2

0v
′2/(u20Y

2) and

(6.1). If κ > 0, (6.1) gives C ≥ κu20Y
2 > 0. If κ = 0, then C = v′2 ≥ 0, and

C = 0 if and only if Y is constant, in which case H = p = 0. If κ < 0 and
C > 0, examples are given by Proposition 6.2 below; for C < 0, by homothety
we may take κ = −1, and Y =

√︁
|C|/(|u0| cos(

√︁
|C|σ)) on |

√︁
|C|σ| < π/2

satis�es Y ′/Y =
√︁

|C| tan(
√︁
|C|σ) and (Y ′/Y )2 = |C|/ cos2(

√︁
|C|σ)−|C| =

u20Y
2 + C; �nally C < 0 in (6.3) gives 4H2 < |κ|R2

0. □

Fix a ̸= 0, put m =
√
1 + a2, and let (y(σ), r(σ)), with y > 0, solve

(6.4) y′ = −ay r, r′ = aκy2, r2 + κy2 = 1.

The constraint is preserved, since (r2 + κy2)′ = 2aκy2r − 2aκy2r = 0. For
κ ≤ 0, r2 ≥ 1, so r has a �xed sign, which may be either; for κ > 0, r may
change sign. On the strip ζ = σ + iυ consider the data
(6.5)

u =
a

m
, λ = m2y2, H = − r

2my
, p = −λH

2
=

myr

4
, A =

y

2
.

Proposition 6.2 (The hypothesis τ ̸= 0 is essential). For every κ ∈ R,
the data (6.5) de�ne a local immersion into M2(κ) × R with QAR ≡ −1/4
and H ′ = −a/(2my) ̸= 0. In particular, QAR is holomorphic and the mean
curvature is not constant.

Proof. These are the surfaces of Proposition 6.1 with u0 = a/m, R0 = 1/m,
Y = my and C = a2. Indeed v′ = y′/y = −ar, so (Y ′/Y )2 = a2(1− κy2) =
C−κu20Y 2; then A = R0Y/2 = y/2, H = R0v

′/(2u0Y ) = −r/(2my), QAR =
−R2

0C/(4u
2
0) = −1/4 and H ′ = −R0C/(2u0Y ) = −a/(2my) ̸= 0. □

Explicit solutions of (6.4), with x := aσ + σ0, are: y = y0e
−aσ, r = 1

(y0 > 0, all σ) for κ = 0; y = κ−1/2 sechx, r = tanhx, for all x ∈ R, when
κ > 0; and y = |κ|−1/2 cschx, r = cothx, on x > 0, when κ < 0. For κ > 0
the mean curvature H = −

√
κ sinhx/(2m) vanishes exactly on the curve

x = 0, where r = 0, and H ′ ̸= 0 there. For κ = ±1, restricted to x > 0,
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this is, up to notation, the family of [20, Example 3.1, p. 286], where the
original di�erential P dz2 = −1

4dz
2 is observed to be holomorphic although

H is not constant; for other κ ̸= 0 it follows by a homothety. The examples
are therefore known; what is new is that constant angle is necessary and that
the family of Proposition 6.1 exhausts all possibilities (Theorem 6.3). They
have zero extrinsic curvature, as required by [8, p. 173]. Their normalized
di�erential QFM = QAR/H = −1/(4H) is de�ned on {H ̸= 0} and is not
holomorphic there; when κ > 0 it does not extend continuously across the
curve H = 0, since QAR = −1/4 ̸= 0, while QAR is holomorphic on the
whole surface. Thus, at τ = 0, the original and normalized di�erentials have
di�erent exceptional surfaces (for QFM in H2 × R, the rotational surfaces of
[20, Example 3.2]); the nonvanishing of τ is used in Lemma 3.5 and in the
round proof. By (6.3), the surfaces of Proposition 6.2 are, after a change
of conformal parameter, exactly those of Proposition 6.1 with C > 0 and
the same u0 (end of Step 5 below); for κ < 0, those with C < 0 satisfy
4H2 < |κ|R2

0 and are not among them.
In the following theorem, ∇H, u and T are as in �3, now with τ = 0 and

k = κ.

Theorem 6.3 (Classi�cation in the product spaces). Let κ ̸= 0, and let Σ
be a surface in M2(κ) × R with holomorphic QAR and nonconstant mean
curvature. Then dH vanishes nowhere on Σ, and:

(a) the angle function is a constant u0 /∈ {0,±1};
(b) ∇H is a principal direction with principal curvature 0, and T is par-

allel to ∇H;

(c) |∇H| =
|u0|

⃓⃓
4H2 + κ(1− u20)

⃓⃓
2
√︁
1− u20

;

(d) Σ is locally congruent to a surface of Proposition 6.1 with the same u0
and with C ̸= 0 of the sign of 4H2+κ(1−u20); up to local congruence
it is determined by κ, u0 and this sign. When κ > 0 or 4H2 > |κ|(1−
u20), it is, after a change of conformal parameter, locally congruent to
a surface of Proposition 6.2 with the same u0, including near points
where H = 0 if κ > 0.

Proof. Outline. Steps 1�3 show that du = 0 on a dense open subset of
Ω = {dH ̸= 0}, Step 4 deduces (a)�(c), Step 5 identi�es each component of
Ω with a model, and Step 6, the only global step, shows Ω = Σ by Grönwall's
inequality.

Reduction. Holomorphy is again equivalent to (3.10) with τ = 0, and the
proof of Proposition 3.3 applies verbatim: on Ω, in the frame e1 = ∇H/f ,
e2 = Je1, f = |∇H|,

[S](e1,e2) =

(︃
0 0
0 2H

)︃
, detS = 0, K = κu2.

This proves the �rst half of (b). The proof of Lemma 3.4 uses τ ̸= 0 only
through ρ2 = H2 + τ2 ̸= 0; on the open set Ω0 := Ω ∩ {H ̸= 0, 0 < |u| < 1}
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it therefore gives, with τ = 0, P = H sin θ, L = H cos θ, R =
√
1− u2

and ∇e1e1 = a e2, ∇e2e1 = b e2 (here a, b are the connection coe�cients of
Lemma 3.4),

(6.6)

a = −κuR sin θ

2H
, b = − f

H
− κuR cos θ

2H
,

e1u = 0, e2u = −2HR sin θ,

e1θ = −a, e2θ = −b+ 2Hu cos θ

R
, e2f = af.

These formulas only require H ̸= 0 and |u| < 1; in particular they hold
where u = 0.

Step 1: the branch sin θ ≡ 0. Let V be an open set with H ̸= 0, |u| < 1
and sin θ ≡ 0. Then cos θ = ε ∈ {±1} is locally constant, T = εRe1, a = 0,
and e1u = e2u = 0, so u is locally constant on V . The equation for e2θ in
(6.6) gives b = 2εHu/R, and comparing with the expression of b,

(6.7) f = −εu (4H
2 + κR2)

2R
.

In particular u ̸= 0 on V , since f > 0. The relation e2f = af = 0 holds
because f is a function of H, and the Gauss equation is automatic: K =
−e1b− b2 = u2(4H2 + κR2)/R2 − 4H2u2/R2 = κu2.

Step 2: Ω0 is dense in Ω. The sets {H = 0}, {|u| = 1} and {u = 0} are
closed in Ω; we show they have empty interior. If H ≡ 0 on an open set,
then dH = 0 there. If |u| ≡ 1 on an open set, then T ≡ 0 and (3.3) gives
uS ≡ 0, so S ≡ 0 and H ≡ 0. If u ≡ 0 on an open set, shrink it so that
H ̸= 0; there R = 1 and 0 = e2u = −2H sin θ, so sin θ ≡ 0, and Step 1 gives
u ̸= 0, a contradiction.

Step 3: sin θ = 0 on Ω0. Suppose sin θ ̸= 0 on a nonempty open set
U ⊂ Ω0. There dH ∧ du(e1, e2) = −2fHR sin θ ̸= 0, so (H,u) are local
coordinates, with e1 = f∂H and e2 = −2HR sin θ ∂u. Put c = cos θ and
n = 4H2 + κR2. Dividing (6.6) by e1H = f and e2u = −2HR sin θ,

(6.8) fu =
κu

4H2
f, cH = −κuR(1− c2)

2Hf
, cu =

2fR+ ucn

4H2R2
.

(For the �rst, a/(−2HR sin θ) = κu/(4H2); for the last two, cH = − sin θ θH
and cu = − sin θ θu.)

The Gauss equation gives fH . With ω = a e♭1 + b e♭2, dω = −K dA reads
K = e2a− e1b− a2 − b2. Using (6.8),

e2a = κ(1− 2u2)(1− c2)− κuc (2fR+ ucn)

4H2
,

a2 =
κ2u2R2(1− c2)

4H2
, b2 =

(2f + κuRc)2

4H2
,

e1b = −ffH
H

+
f2

H2
+
κ2u2R2(1− c2)

4H2
+
κuRcf

2H2
.
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Substituting in K = κu2 and collecting terms, where the terms in c2n give
κu2c2 + κ2u2R2c2/(4H2), we obtain

(6.9) fH =
E
Hf

, E := 2f2+2κuRcf +
κ2u2R2

2
+κH2

(︁
3u2−1+R2c2

)︁
.

Compatibility of f . From (6.8), fuH = κufH/(4H
2) − κuf/(2H3), while

(6.9) gives fHu = Eu/(Hf) − κuE/(4H3f). Equating and multiplying by
4H3f ,

(6.10) 2H2Eu − κuE + κuf2 = 0.

Di�erentiating E with (6.8), (uR)u = (1 − 2u2)/R and (R2)u = −2u, the
terms in c2 cancel and one �nds

Eu =
2κuf2

H2
+ 3κRcf +

κ2u2Rcf

H2
+ κ2u(1− 2u2) + 6κH2u+

κ2uR2c2

2
.

Substituting in (6.10), the terms in c2 and in u2Rcf cancel, and after division
by κ/2 ̸= 0,

(6.11) 12H2Rf c = −uU , U := 6f2+24H4+2κH2(3−7u2)−κ2u2R2.

Elimination of c. Since 12H2Rf ̸= 0, (6.11) gives c. Di�erentiating it in
u, with fu from (6.8),(︂ u

Rf

)︂
u
=

4H2 − κu2R2

4H2R3f
, Uu =

3κuf2

H2
− 28κH2u− 2κ2u(1− 2u2),

and comparing with the value of cu in (6.8), in which

ucn = − u2Un
12H2Rf

,

we obtain, after multiplication by 48H4R3f and division by R2,

U (2κu2 − 4H2)− 4H2uUu − 24H2f2 = 0.

Expanding, the terms ±12κu2f2 cancel, and

(6.12)
24H2f2 = Φ := − 48H6 − 12κH4 + 108κH4u2 + 12κ2H2u2

− 24κ2H2u4 + κ3u4(u2 − 1).

Contradiction. By (6.8), (f2)u = κuf2/(2H2), so (6.12) gives 2H2Φu =
κuΦ on U . For each �xed H this is an identity between polynomials in u
on an interval; the right side has degree 7 in u, with leading coe�cient κ4,
while the left side has degree at most 5. As κ ̸= 0, this is impossible. Hence
sin θ ≡ 0 on Ω0.

Step 4: conclusion of (a)�(c). By Steps 1 and 3, du = 0 on the dense
open set Ω0, hence on Ω, and u ≡ u0 on each component of Ω; by Step 2,
u0 /∈ {0,±1}. This is (a); T = εR0e1 gives the second half of (b), and (6.7)
with f > 0 gives (c) on Ω0, hence on Ω by continuity.

Step 5: congruence. Fix a component Ω1 of Ω, with constant angle u0.
By (c), n0 := 4H2 + κR2

0 does not vanish on Ω1, so it has a constant sign
ς ∈ {±1}, and (6.7) gives ε = −ς signu0. On Ω1, e2H = 0 and [e1, e2] =
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−b e2, where b = 2εHu0/R0 and f are functions of H alone. Hence, near
any point, there is a coordinate t with e1 = f(H)∂H and e2 = µ(H)∂t,
µ′/µ = −b/f , and the metric dH2/f2+dt2/µ2, the shape operator (Se1 = 0,
Se2 = 2He2), T = εR0e1 and u = u0 are given, as functions of (H, t), by
formulas depending only on u0, ς and κ (the constant in µ is absorbed into
t).

Now take a surface of Proposition 6.1 with the same u0 and with signC =
ς; by Proposition 6.1 and (6.3) this is possible exactly when ς = 1 or κ < 0,
which covers all cases allowed by (c). It has holomorphic QAR, constant
angle u0, and H

′ = −R0C/(2u0Y ) ̸= 0, so H is strictly monotone in σ, and
Steps 1�4 apply to it with the same u0 and ς, hence the same ε. Its mean
curvature �lls the whole interval of values allowed by ς. Indeed, on a maximal
solution of v′′ = −κu20e2v: if κ > 0 (so C > 0), Y increases to its maximum,

where v′ = 0 and H = 0, and then decreases, with Y → 0 and v′ → ∓
√
C

at the ends, so H runs over all of R; if κ < 0 and C > 0, v′ never vanishes,
Y runs over (0,∞), and 4H2 = R2

0(C/(u
2
0Y

2) + |κ|) runs over (|κ|R2
0,∞),

with the sign of H �xed by that of v′/u0, which can be chosen; if κ < 0
and C < 0, Y has a minimum where H = 0 and tends to ∞ at both ends,
so 4H2 runs over [0, |κ|R2

0) and H over (−h0, h0), h0 =
√︁
|κ|R0/2. Hence

the model surface contains points with any value of H taken on Ω1, and,
in the coordinates (H, t) above, both surfaces have the same metric, shape
operator, T and u. By the uniqueness part of the fundamental theorem [11,
Theorem 4.3, p. 101], Ω1 is locally congruent to the model. When κ > 0, or
4H2 > |κ|R2

0, we have C > 0; the model is then a surface of Proposition 6.2
with the same u0. Indeed, put a := u0/R0, so that m = 1/R0 and u0 = a/m,

and change the conformal parameter by ζ = bζ̃, b := |a|/
√
C; this is a change

of coordinates on the surface, not a homothety of the ambient space. Then
Ỹ (σ̃) := bY (bσ̃) satis�es (log Ỹ )′′ = −κu20Ỹ 2 with constant C̃ = b2C = a2

in (6.1). Setting y := Ỹ /m and r := −ṽ′/a, with ṽ = log Ỹ , one checks

r2 = 1−κy2, y′ = −ayr and r′ = κu20Ỹ
2/a = aκy2, so (y, r) solves (6.4), and

the data (6.2) become (6.5), with H = −r/(2my). No change of orientation
is needed, since r is allowed to take either sign. This includes the points
where H = 0, which occur exactly when κ > 0.

Steps 1�5 establish (a)�(d) on each connected component of Ω.
Step 6: Ω = Σ. Since H is not constant, Ω ̸= ∅. Suppose Ω ̸= Σ, and let

U be a component of Ω, with constant angle u0 and R0 =
√︁

1− u20. By (c),

|∇H| = c0 |n0(H)| on U, c0 =
2|u0|
R0

, n0(H) = H2 +
κR2

0

4
.

Since Σ is connected, there is a piecewise smooth path γ : [0, 1] → Σ, with
|γ′| ≤ m for a constant m > 0, such that γ(0) ∈ U and γ(1) /∈ U . Let
s∗ = inf{s : γ(s) /∈ U}; as U is open, γ([0, s∗)) ⊂ U and x := γ(s∗) /∈ U .
Then dH(x) = 0: otherwise x ∈ Ω, and a connected neighborhood of x in
Ω meets U , so x ∈ U . Letting s → s∗, the continuity of H and |∇H| gives
n0(H(x)) = 0. If κ > 0 this is impossible. If κ < 0, then H(x) = ϵ1h0 with
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h0 =
√︁

|κ|R0/2 and ϵ1 = ±1. Put χ(s) = H(γ(s)) − ϵ1h0. The function
χ is Lipschitz, hence absolutely continuous, and di�erentiable except at the
�nitely many break points of γ. Near s∗ we have |H(γ(s)) + ϵ1h0| ≤ 3h0,
hence

|χ′(s)| ≤ m |∇H|(γ(s)) = mc0|χ(s)| |H(γ(s)) + ϵ1h0|
≤M0|χ(s)|, M0 := 3mc0h0,

on [s∗−η0, s∗) for some η0 > 0, except at �nitely many points. As χ(s∗) = 0,
absolute continuity gives |χ(s)| ≤

∫︁ s∗
s M0|χ(r)| dr, and Grönwall's inequality

gives χ ≡ 0 on [s∗ − η0, s∗]. Thus H = ϵ1h0 at the points γ(s) ∈ U ,
s ∈ [s∗ − η0, s∗), where (c) gives |∇H| = 0, contradicting U ⊂ Ω. Hence
Ω = Σ, that is, dH vanishes nowhere, and u ≡ u0 on Σ. No completeness is
used. □

Theorem 1.2 is Theorem 6.3: item (d) of the former follows from Step 5,
where the metric, the shape operator, T and u are expressed in terms of κ,
u0 and the sign of 4H2 + κR2

0 only.

Proof of Corollary 1.3. If Σ is closed, H attains its maximum at a point
where dH = 0. By Theorem 6.3, H is constant. This agrees with [8, pp. 172�
173]. □

Corollary 6.4. Let κ ̸= 0 and let Σ be a surface in M2(κ)×R with constant
angle function u ≡ u0 /∈ {0,±1}. Then QAR is holomorphic if and only if
∇H is parallel to T on {dH ̸= 0}, that is, H is constant along the lines of
curvature orthogonal to T .

Proof. Since u is constant, (3.4) with τ = 0 gives ⟨SX, T ⟩ = −X(u) = 0 for
allX, so ST = 0; as T ̸= 0, T is a principal direction with principal curvature
0, and the other principal direction JT has principal curvature 2H. On
{dH ̸= 0}, the argument of Proposition 3.7 with τ = 0 (where D = ∇) shows
that holomorphy is equivalent, pointwise, to S∇H = 0. Where H ̸= 0, the
kernel of S is spanned by T , so S∇H = 0 means ∇H ∥ T ; since {H ̸= 0} is
dense in {dH ̸= 0} and both conditions are closed, holomorphy on {dH ̸= 0}
is equivalent to ∇H ∥ T there. On the interior of {dH = 0}, H is locally
constant and (QAR)ζ̄ = 0 by (3.9); by continuity (QAR)ζ̄ then vanishes
everywhere. The converse is part (b) of Theorem 6.3. □

Remark 6.5. In the surfaces of Proposition 6.1 with κ < 0, H approaches
±h0 only where Y → ∞, that is, at in�nite distance, in accordance with
Step 6 of the proof of Theorem 6.3. For κ = 0, QAR = 2Hp, and holomorphy
of Hp for surfaces in R3 is a classical problem outside the scope of this paper.

7. Proof of Corollary 1.4

By Theorem 1.1, H is constant; compactness is used only to count zeros.
With isothermal parameters [9], Σ is a compact Riemann surface of genus g,
and since p and A transform as coe�cients of a (2, 0)- and a (1, 0)-form, QAR

is a holomorphic section of K⊗2
Σ , of degree 4g − 4 [19, Ch. III]. If QAR ̸≡ 0
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it has 4g − 4 zeros counted with multiplicity; for g = 0 this is impossible,
so QAR ≡ 0, and the rotational invariance follows from the references given
after Corollary 1.4. For k = 0 it is direct: p ≡ 0, so Σ is a totally umbilical,
hence round, sphere of S3(τ2). □

Appendix A. Auxiliary computations

This appendix contains two facts used in Section 5: Fact A.1 is the direct
(but lengthy) computation of the coe�cients in the proof of Lemma 5.3, and
Fact A.2 collects standard facts on derivations of algebraic extensions.

Fact A.1 (Coe�cients of the compatibility identity). With a−1, a0, g1, g0,
b3, b2, b1 as in the proof of Lemma 5.3, the coe�cients r0, . . . , r3 of (5.11)
are

r0 = − qu

4Hs
, r1 = −qu(1− 3H2 + 4Hz)

2Hs2
,

r2 = − J2
4Hus2(u2 − 1)

, r3 = − δ(1 + z2)

qHus2(u2 − 1)
,

with J2 as de�ned after (5.11) in the main text.

Proof. Put v := (1 + z2)/s, V0 := 1 + z2 and d := 1 − u2. Since (b1)z = 0,
r0 = (g0)H − g0b1. The quotient rule gives

(g0)H =
qu

4
· z s− (Hz + 1) · 2H

s2
=

qu

4s2
[︁
z(s− 2H2)− 2H

]︁
=

qu

4s2
[︁
z(1−H2)− 2H

]︁
.

Since g0b1 = qu(Hz + 1)(1−H2)/(4Hs2),

r0 =
qu

4Hs2

[︂
H
(︁
z(1−H2)− 2H

)︁
− (Hz + 1)(1−H2)

]︂
=

qu

4Hs2

[︂
Hz(1−H2)− 2H2 −Hz(1−H2)− (1−H2)

]︂
=

qu

4Hs2
(︁
−s

)︁
= − qu

4Hs
,

where 2H2 + (1 − H2) = s. For the other coe�cients, CH = −qH/(2s2),
Cu = 2u/d2, and (b1)u = (b1)z = (b2)u = 0. First,

r1 = (g1)H + v(g0)z − V0a−1(b2)z − 2g0b2

=
quHV0
2s2

+
quHV0
4s2

+
3quHV0

4s2
− qu(Hz + 1)(3Hz + 1)

2Hs2

=
qu

2Hs2
[︁
3H2(1 + z2)− (Hz + 1)(3Hz + 1)

]︁
= −qu(1− 3H2 + 4Hz)

2Hs2
.

Next, using (b3)z = −16Cz/(qH) and (b2)z = 3/s, the terms contain-
ing zCV0/s are v(g1)z = −2uzCV0/s, −V0a0(b2)z = −3uzCV0/s and
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−V0a−1(b3)z = −4uzCV0/s, whose sum is −9uzCV0/s; the remaining terms
are −g1b2 and −3g0b3, expanded with g1 = 1/u− uCV0. Hence

r2 = v(g1)z − V0
[︁
a−1(b3)z + a0(b2)z

]︁
− g1b2 − 3g0b3

= −9uzCV0
s

− 3Hz + 1

Hsu
+
uCV0(3Hz + 1)

Hs

− 3(Hz + 1)

Hsu
+

6uCV0(Hz + 1)

Hs

=
7uCV0 − (6Hz + 4)/u

Hs

=
7u2(4s+ qd)(1 + z2)− 4sd(6Hz + 4)

4Hus2d
.

Here 4s+ qd = ℓ− qu2, and the constant term in the numerator is 7u2(4s+
qd)−16sd = 4s(11u2−4)+7qu2d. Finally, (b3)u = −8/(qHu3)−8CuV0/(qH)
gives

r3 = −(b3)u − V0a0(b3)z − 2g1b3

=
1

qH

[︃
8

u3
+ 8CuV0 + 16uz2C2V0

−2

(︃
1

u
− uCV0

)︃(︃
4

u2
− 8CV0

)︃]︃
=

1

qH

[︃
8CuV0 +

24CV0
u

+ 16uC2V0
(︁
z2 − V0

)︁]︃
=

8V0
qH

(︃
Cu +

3C

u
− 2uC2

)︃
,

since the terms ±8/(qHu3) cancel, −2 · 1u · (−8CV0)− 2(−uCV0) 4
u2 = 24CV0

u ,

and z2 − V0 = −1. Expanding the last bracket,

Cu +
3C

u
− 2uC2 =

2u

d2
+

3

ud
+

3q

4su
− 2u

d2
− qu

sd
− q2u

8s2

=
24s2 + 6qs− 14qsu2 − q2u2 + q2u4

8s2ud
=

δ

8s2ud
.

Collecting the four coe�cients gives the stated formulas for r0, . . . , r3. □

Fact A.2. Let F be a �eld of characteristic zero with a derivation D.

(a) If a is algebraic over F with minimal polynomial M, then MZ(a) ̸= 0
and D extends uniquely to a derivation of F (a), with

D(a) = −MD(a)

MZ(a)
,

where MD applies D to the coe�cients of M. Consequently D ex-
tends uniquely to any algebraic extension of F .

(b) For F = C(H) and D = d/dH, the �eld of constants of the extension

to K = C(H) is C.
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Proof. (a) This is standard [24, Ch. VIII, �5]. Applying D toM(a) = 0 gives
MD(a) +MZ(a)D(a) = 0, which forces the formula. Conversely, MZ is in-
vertible modulo M (M is irreducible and degMZ < degM), so the formula
de�nes a derivation of F [Z] into F [Z]/(M) that kills M, hence descends to
F (a) ∼= F [Z]/(M). Uniqueness at each �nite stage gives compatibility along
towers, hence the extension to algebraic extensions.

(b) If a/b ∈ C(H) is reduced and (a/b)′ = 0, then a′b = ab′ and a | a′;
as deg a′ < deg a unless a is constant, a is constant, and then ab′ = 0
makes b constant. So the constants of C(H) are C. Now let c ∈ K with
c′ = 0, with minimal polynomial M = Zm +

∑︁
j<m ajZ

j over C(H). By

(a), 0 = MD(c) =
∑︁

j<m a
′
jc

j , a polynomial relation of degree < m; by

minimality all a′j = 0, so aj ∈ C. An irreducible polynomial over C(H) with

coe�cients in C has degree 1 (C being algebraically closed), so m = 1 and
c ∈ C. □

Data availability statement

This manuscript has no associated data.

Conflict of interest statement

The authors declare that they have no con�ict of interest.

References

[1] U. Abresch and H. Rosenberg, A Hopf di�erential for constant mean curva-

ture surfaces in S2 × R and H2 × R, Acta Math. 193 (2004), no. 2, 141�174.
doi:10.1007/BF02392562.

[2] U. Abresch and H. Rosenberg, Generalized Hopf di�erentials, Mat. Contemp. 28
(2005), 1�28.

[3] L. V. Ahlfors, Complex Analysis: An Introduction to the Theory of Analytic Functions

of One Complex Variable, 2nd ed., McGraw-Hill, New York, 1966.
[4] H. Alencar, M. do Carmo, I. Fernández, and R. Tribuzy, A theorem of H. Hopf and

the Cauchy�Riemann inequality II, Bull. Braz. Math. Soc. (N.S.) 38 (2007), no. 4,
525�532. doi:10.1007/s00574-007-0058-x.

[5] H. Alencar, M. do Carmo, and R. Tribuzy, A theorem of Hopf and the Cauchy�

Riemann inequality, Comm. Anal. Geom. 15 (2007), no. 2, 283�298.
[6] H. Alencar and H. Rosenberg, A Hopf theorem under a Cauchy�Riemann inequality

in E(κ, τ), and its sharpness in every genus, preprint, 2026, arXiv:2609.23227.
[7] D. A. Berdinsky and I. A. Taimanov, Surfaces in three-dimensional Lie groups,

Siberian Math. J. 46 (2005), no. 6, 1005�1019. doi:10.1007/s11202-005-0096-9.
[8] M. P. Cavalcante and J. H. S. de Lira, Examples and structure of CMC surfaces in

some Riemannian and Lorentzian homogeneous spaces, Michigan Math. J. 55 (2007),
no. 1, 163�181.

[9] S.-S. Chern, An elementary proof of the existence of isothermal parameters on a

surface, Proc. Amer. Math. Soc. 6 (1955), 771�782. doi:10.2307/2032933.
[10] D. A. Cox, J. Little, and D. O'Shea, Ideals, Varieties, and Algorithms: An Intro-

duction to Computational Algebraic Geometry and Commutative Algebra, 4th ed.,
Undergraduate Texts in Mathematics, Springer, Cham, 2015. doi:10.1007/978-3-319-
16721-3.

https://doi.org/10.1007/BF02392562
https://doi.org/10.1007/s00574-007-0058-x
https://arxiv.org/abs/2609.23227
https://doi.org/10.1007/s11202-005-0096-9
https://doi.org/10.2307/2032933
https://doi.org/10.1007/978-3-319-16721-3
https://doi.org/10.1007/978-3-319-16721-3


HOLOMORPHIC ORIGINAL AR DIFFERENTIAL AND CMC 35

[11] B. Daniel, Isometric immersions into 3-dimensional homogeneous manifolds, Com-
ment. Math. Helv. 82 (2007), no. 1, 87�131. doi:10.4171/CMH/86.

[12] F. Dillen, J. Fastenakels, J. Van der Veken, and L. Vrancken, Constant angle surfaces
in S2 × R, Monatsh. Math. 152 (2007), no. 2, 89�96.

[13] F. Dillen and M. I. Munteanu, Constant angle surfaces in H2 ×R, Bull. Braz. Math.
Soc. (N.S.) 40 (2009), no. 1, 85�97. doi:10.1007/s00574-009-0004-1.

[14] M. P. do Carmo, Di�erential Geometry of Curves and Surfaces, Prentice-Hall, En-
glewood Cli�s, NJ, 1976.

[15] J. F. Dorfmeister, J. Inoguchi, and S.-P. Kobayashi, A loop group method for minimal

surfaces in the three-dimensional Heisenberg group, Asian J. Math. 20 (2016), no. 3,
409�448. Publisher's page.

[16] M. Domínguez-Vázquez and J. M. Manzano, Isoparametric surfaces in E(κ, τ)-spaces,
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 22 (2021), 269�285.

[17] J. M. Espinar and H. Rosenberg, Complete constant mean curvature surfaces

in homogeneous spaces, Comment. Math. Helv. 86 (2011), no. 3, 659�674.
doi:10.4171/CMH/237.

[18] J. M. Espinar and H. A. Trejos, The Abresch�Rosenberg shape operator and applica-

tions, Trans. Amer. Math. Soc. 372 (2019), no. 8, 5483�5506. doi:10.1090/tran/7735.
[19] H. M. Farkas and I. Kra, Riemann Surfaces, Graduate Texts in Mathematics 71,

Springer, New York, 1980. doi:10.1007/978-1-4684-9930-8.
[20] I. Fernández and P. Mira, A characterization of constant mean curvature surfaces

in homogeneous 3-manifolds, Di�erential Geom. Appl. 25 (2007), no. 3, 281�289.
doi:10.1016/j.difgeo.2006.11.006.

[21] I. Fernández and P. Mira, Constant mean curvature surfaces in 3-dimensional

Thurston geometries, in: Proceedings of the International Congress of Mathemati-
cians, Hyderabad, 2010, Vol. II (Invited Lectures), Hindustan Book Agency, New
Delhi, 2010, 830�861.

[22] H. Hopf, Di�erential Geometry in the Large: Seminar Lectures, New York University

1946 and Stanford University 1956, 2nd ed., with a preface by S.-S. Chern, Lecture
Notes in Mathematics 1000, Springer-Verlag, Berlin, 1989; Part Two, Ch. VI, General
closed surfaces of genus 0 with constant mean curvature � Generalizations, pp. 136�
146.

[23] Y. Ilyashenko and S. Yakovenko, Lectures on Analytic Di�erential Equations, Grad-
uate Studies in Mathematics 86, American Mathematical Society, Providence, RI,
2008.

[24] S. Lang, Algebra, revised 3rd ed., Graduate Texts in Mathematics 211, Springer-
Verlag, New York, 2002.

[25] V. Puiseux, Recherches sur les fonctions algébriques, J. Math. Pures Appl. 15 (1850),
365�480.

[26] P. Scott, The geometries of 3-manifolds, Bull. London Math. Soc. 15 (1983), no. 5,
401�487. doi:10.1112/blms/15.5.401.

[27] F. Torralbo, Rotationally invariant constant mean curvature surfaces in ho-

mogeneous 3-manifolds, Di�erential Geom. Appl. 28 (2010), no. 5, 593�607.
doi:10.1016/j.difgeo.2010.04.007.

[28] R. J. Walker, Algebraic Curves, Princeton Mathematical Series 13, Princeton Univer-
sity Press, Princeton, NJ, 1950; reprinted by Springer-Verlag, New York, 1978.

Instituto de Matemática, Universidade Federal de Alagoas, 57072-900,

Maceió, AL, Brazil

Email address: hilario@mat.ufal.br

13 rue du Faubourg Montmartre, 75009 Paris, France

Email address: rosenbergharold@gmail.com

https://doi.org/10.4171/CMH/86
https://doi.org/10.1007/s00574-009-0004-1
https://content.intlpress.com/journal/AJM/article/2197/info
https://doi.org/10.4171/CMH/237
https://doi.org/10.1090/tran/7735
https://doi.org/10.1007/978-1-4684-9930-8
https://doi.org/10.1016/j.difgeo.2006.11.006
https://doi.org/10.1112/blms/15.5.401
https://doi.org/10.1016/j.difgeo.2010.04.007

	1. Introduction and main results
	1.1. Strategy and organization.

	2. Normalizations and related results
	3. Geometric formalism and local reduction
	3.1. A connection adapted to the fibration

	4. Proof of Theorem 1.1 for k = 0
	5. Proof of Theorem 1.1 for k not 0
	5.1. The rational system and a polynomial relation
	5.2. Analyticity and algebraicity
	5.3. Exclusion of the algebraic branches
	5.4. Conclusion of the proof

	6. The product spaces
	7. Proof of Corollary 1.4
	Appendix A. Auxiliary computations
	Data availability statement
	Conflict of interest statement
	References

