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ABSTRACT. In this paper, we prove that a two-dimensional self-shrinker, homeomorphic to the
sphere, immersed in the three dimensional Euclidean space R® is a round sphere, provided its
mean curvature and the norm of its position vector have an upper bound in terms of the norm
of its traceless second fundamental form. The example constructed by Drugan justifies that
the hypothesis on the second fundamental form is necessary. We can also prove the same kind
of rigidity results for surfaces with parallel weighted mean curvature vector in R™ with radial
weight. These results are applications of a new generalization of Cauchy’s Theorem in complex
analysis which concludes that a complex function is identically zero or its zeroes are isolated if
it satisfies some weak holomorphy.

1. INTRODUCTION

An immersion X : ¥ — R3 of a two-dimensional surface ¥ is called a self-shrinker for the
mean curvature flow if its mean curvature vector H satisfies the equation

H = —%Xi,
where X is the normal part of the position vector.

Self-shrinkers are the self-similar solutions of the mean curvature flow and many efforts were
made in the last decades in order to obtain examples of such surfaces and classify these surfaces
under certain geometrical restrictions. In particular, there is a problem to classify the sphere as
the only compact self-shrinker under some geometrical assumptions, following the same spirit
of the classical Hopf and Alexandrov results. In 1951, see [23] and [24], Hopf proved that the
only surfaces of R3, homeomorphic to the sphere, with constant mean curvature, are the round
spheres. In his turn, Alexandrov, see [3], proved that the only embedded hypersurfaces of R,
compact, without boundary, with constant mean curvature, are the round spheres. But the
theorems similar to the Hopf or the Alexandrov ones are not true for self-shrinkers. We know
some examples of self-shrinkers, homeomorphic to the sphere, which are not the round sphere,
and examples of compact, without boundary, embedded torus which are self-shrinkers, see for
both cases, the examples of Drugan, see [15], and of Drugan and Kleene, see [16].

In this paper, we prove that a two-dimensional self-shrinker, homeomorphic to the sphere,
immersed in the three dimensional Euclidean space R? is a round sphere, provided its mean
curvature and the norm of its position vector have an upper bound in terms of the norm of its
traceless second fundamental form.
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The proof of our results is inspired by the Hopf’s work. Since this might be the first paper
to apply the Hopf’s work to self-shrinkers, let us mention briefly his proofs. Using his quadratic
differential he gave two proofs for his theorem.

In the first proof, one considers the second fundamental form I in isothermal parameters and
takes the (2,0)-component of II, i.e., II(*0) = (1/2)Pdz?. It can be shown that the complex
function P is holomorphic if and only if H is constant and that the zeroes of P are the umbilical
points of . Tt is also seen that the quadratic form 720 does not depend on the parameter z;
hence, it is globally defined on ¥. It is a known theorem on Riemann surfaces that if the genus
g of 3 is zero, any holomorphic quadratic form vanishes identically. Then P = 0, i.e., all points
of 3 are umbilics, and hence ¥ is a standard sphere.

His second proof is based on the lines of curvature. The quadratic equation Im(Pdz?) = 0
determines two fields of directions (the principal directions), whose singularities are the zeroes
of P. Since P is holomorphic, if zg is a zero of P, either P = 0 in a neighborhood V of 2y or

(1.1) P(2) = (z — 20)*hp(2), 2 €V, k>1,

where hy, is a function of z with hy(z0) # 0, see for example 28], p. 208-209. It follows that z
is an isolated singularity of the field of directions and its index is —k/2, and hence, negative.
Thus, either 710 = 0 on ¥, and we have a standard sphere, or all singularities are isolated
and have negative index. Since g = 0, by the Poincaré index theorem, the sum of the indices
of all singularities for any field of directions is two (hence positive). This is a contradiction, so
II120) = (0 on . Notice that, in the second proof, the fact that P is holomorphic is only used
to show that the index of an isolated singularity of the field of directions is negative and that
either P = 0 or the zeroes of P are isolated.

In our first result, we will use a weak holomorphy to obtain the same conclusion . This
will be crucial to prove our classification theorems since the Hopf quadratic differential is not
necessarily holomorphic for self-shrinkers. The existence of a weak notion of holomorphy to
conclude was noticed first, as we know, by Carleman in 1933, see [8], and was used later
by Hartman and Wintner [21] and [22], Chern [13], Eschenburg and Tribuzy [17] and [18], and
Alencar-do Carmo-Tribuzy [4]. We refer to Section [2| for more history.

Theorem 1.1. Let h : U C C — C be a complex function defined in an open set U of the
complex plane and z = zg € U be a zero of h. If there exists ¢ € LfOC(U), p > 2, a non-negative
real function such that

oh
(1.2 52| < #GURD,
z
where G : [0,00) — [0,00) is a locally integrable function such that limsup,_ o+ G(t)/t < oo,
then either h = 0 in a neighborhood V- C U of 2y, or
h(z) = (z — 20)*hp(2), z €V, k>1,
where hi(z) is a continuous function with hi(zp) # 0.

Corollary 1.1. Let h : U C C — C be a complex function defined in an open set U of the
complex plane. If holds, then on each connected components of U which contains a zero of
h, either h = 0 or the zeroes of h are isolated.

Remark 1.1. The case when ¢ = 0 is equivalent to that h is holomorphic. The case when
G(t) = t and ¢ is continuous, Theorem is the Main Lemma in [4] which implies Chern’s
Lemma in |13|. Theorem [1.1| also implies Lemma 2.3, p. 154, of [1§]. There are many functions
satisfying the condition limsup, ,,G(t)/t < oo. In fact, if G is a continuous function such
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that G(0) = 0, then limsup,_,,G(t)/t = G'(0), if it exists. Moreover, if G is any convex
function with G(0) = 0, then G(t)/t < G(1) for small 0 < ¢ < 1, which implies that convex
functions also satisfy the condition. In particular, the functions G(t) = t*,« > 1, satisfy the
condition. On the other hand, there are concave functions which satisfy this condition, for
example G(t) =sint, 0 <t < 7/2.

Remark 1.2. The Hopf quadratic differential has a beautiful generalisation by Abresch and
Rosenberg, see [1] and [2]. They showed the existence of a quadratic differential which is holo-
morphic for constant mean curvature surfaces in the three-dimensional simply connected homo-
geneous spaces with four dimensional isometry group, extending the well known Hopf’s theorem
to these spaces.

Applying Theorem we prove the following rigidity result for self-shrinkers:

Theorem 1.2. Let X : ¥ — R? be an immersed self-shrinker homeomorphic to the sphere.
If there exists a mon-negative locally LP function ¢ : X — R, p > 2, and a locally integrable
function G : [0,00) — [0,00) satisfying limsup,_,o G(t)/t < oo, such that

(1.3) (X112 = 4H*) H? < *G(]|2[))?,

then X (X) is a round sphere of radius 2 and centered at the origin.

Here ||®|| denotes the matriz norm of ® = A — (H/2)I, where A is the shape operator of the
second fundamental form of X, H is its non-normalized mean curvature, and I is the identity
operator of T'Y.

Remark 1.3. The hypothesis (|1.3)) of Theorem is necessary. In fact, Drugan constructed in
[15] an example of an immersed rotational self-shrinker, homeomorphic to the sphere, which is
not the round sphere. In section 4| we prove that this example of self-shrinker does not satisfy

3.

Remark 1.4. The hypothesis (1.3 of Theorem has also a natural geometric interpretation,
as follows. We know that, for every surface of R®, H? — 4K = ||®||?> > 0, i.e.,

1
K< -H?
= 4 Pl
where K denotes the Gaussian curvature of . We claim that hypothesis (|1.3|) gives the existence
of a function v : ¥ — R such that
1
(1.4) K < Z(l —p?)H?,

Moreover, if the function G satisfies G(t) > 0 for every t # 0 and limsup,_,, G(t)/t # 0, then
this function ¢ can be chosen in such way that, for every € > 0 arbitrarily small, we have

(1.5) P2 < e.
In order to prove (|1.4)), notice that, by using (1.3)),
G(||®|)?
(X2 — 48212 < 261 = o SIS g2y

122

which implies, by a rearrangement of the terms,

L T A I N P
K§4[1 = (aap) 0% 4H)]H‘
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Inequality (1.4) follows by taking

1o
(1.6) p=1 VIXI? = 4H2.
@ G([[@])
Since the function G satisfies G(t) > 0 for every ¢t # 0 and limsup,_,, G(t)/t # 0, there exists

1]
M = X2 —4H2.
W aqen VI

b

Therefore, given an arbitrary € > 0, by choosing ¢ as a constant function large enough such

that ¢ > Me~1/2, we obtain from .

Theorem motivates us to study the zeroes of the functions H? and || X||?> — 4H? at the
zeroes of ||D||

Definition 1.1. Let zp be a zero point of a function ¢¥. The lower order of the zero Cf(zo) is
defined as the biggest number a such that

lim inf [ (2)

——— > 0.
z—z (dist(z, 20))® ”

The upper order of the zero Cfﬁ(zo) is defined as the smallest number a such that

[¥(2)]

limsup ——4—— < +00.
TP (dist(z, 20))°

As a consequence of Theorem we present the following result, which will be proven in the
section 3] p. 22}

Corollary 1.2. Let X : ¥ — R3 be an immersed self-shrinker homeomorphic to the sphere. If
at each umbilical points, the lower order of ||®||* minus the upper order of the function (|| X|* —
4H?)H? is less than 2, then X (X) is a round sphere of radius 2 and centered at the origin.

Remark 1.5. There are many other results of rigidity of the round spheres as the only compact
self-shrinkers. In dimension n, Huisken, see [25], proved that the sphere of radius v/2n is the
only compact, mean convex, self-shrinker in the Euclidean space. Colding and Minicozzi [14]
proved that the sphere of radius v/2n is also the only compact F-stable self-shrinker in the
Euclidean space. In their turn, Kleene and Moller, see [26], proved that the sphere of radius
V2n is the only rotationally symmetric, embedded self-shrinker in the Euclidean space which
is homeomorphic to the sphere. In [7], Cao and Li proved that complete n-dimensional self-
shrinkers in R"** k > 1, with polynomial volume growth, and such that ||A]|? < % are spheres,
cylinders or hyperplanes. Here ||A[|? means the squared norm of the second fundamental form
of the self-shrinker in R"**. We can also cite the result of Brendle [6] who proved that the only
closed, embedded self-shrinkers in R? with genus zero, are the round spheres.

Remark 1.6. Theorem is a consequence of the more general result Theorem p.
which holds for parallel weighted mean curvature surfaces in R**™, m > 1, where the weight is
a radial function (i.e., which depends only on the distance of the point to the origin), see section
for the precise definitions. As consequences of this theorem, we prove rigidity results in the
same spirit of Theorem for constant weighted mean curvature surfaces with the Gaussian
measure, also called A-surfaces. These surfaces, which are characterized by the equation

1
A=H+ 5(X.N)
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for each A € R, have been intensively studied in recent years, see for example, [27], [10], [5], [11],
and [20]. The simple examples are round spheres centered at origin and all the hyperplanes.
Observe that self-shrinkers are special cases of these surfaces, by taking A = 0.

Here is the plan of the rest of the paper: the section [2]is dedicated to the proof of Theorem
In the section [3] we prove the results about self-shrinkers, constant weighted mean curvature
surfaces, and f-minimal surfaces. We conclude the paper analyzing the umbilical points of
rotational self-shrinkers, especially the Drugan’s example, to obtain counterexamples to the
conclusion of Theorem when the hypothesis is removed.

Acknowledgments. The authors dedicate this article in memory to their professor and
friend Manfredo do Carmo for his remarkable contributions to differential geometry and for his
essential influence on their academic and personal experiences.

2. PROOF OF THEOREM [L1]

In this section we prove Theorem We start with the history line of the weak notion of
holomorphy.

A well known property of holomorphic functions establishes that if zg is a zero of a holomorphic
function h(z), then h = 0 in a neighborhood of zy or there exists k£ > 0 such that

h(z) = (2 = 20)"hi(2),

for some function hy such that hx(z9) # 0, see for example [28], p. 208-209. This number & is
called the order of the zero. In particular, if A is not identically zero in a neighborhood of zy,
then zq is isolated.

In 1933, Carleman [8] was the first to observe that this property holds for non-analytic smooth
functions which satisfies some first order partial differential equation. In fact, he proved that a

solution h : U C C — C of

ZZL = ah + bh,
does not admits a zero of infinite order except if h = 0. Here bars mean complex conjugate
and a,b are continuous complex functions. Notice that, if a = b = 0, then h is holomorphic.
Using these ideas, Hartman and Wintner, see [21] and [22], and Chern, see [13], proved their
well known results on the classification of special Weingarten surfaces.

The proof of Theorem follows the same lines. In order to simplify the notations, we will
assume zg = 0 in the lemmas below and in the proof of the theorem. Denote also by D.(z) C C
the disc of radius ¢ > 0 and center z € C. In the the proof of Theorem we will need the
following three technical lemmas.

Lemma 2.1. Let h : U C C — C be a locally integrable complex function defined in a open set
U of the complex plane. Assume there exists M := supp, o |h(2)/25Y| for some k > 1 and for
some R > 0. Then, for every q € (1,2) and for every & € C\{0} we have

e

q
|dz A dz| < MUK, €[>,

2z —§)

}(_/|WAM| .
T e lw(w =1l T

= 0, the same conclusion holds for a sufficiently small R > 0.

where

In particular, if lim, o h(z)/2" !
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Proof. By taking z = £&w and using the hypothesis, we have

h(z
/ sz/\dd < M1 |dz A\ dZ|
Dgr

(o) 127 (z = &4 Dr(0) [2(z = &)[1
1
:ng“q/ —|dw A dw
S a0 Tl — 1 7
< MYe|> 2‘1/ 7|dw/\dw|.
jw(w — 1)

On the other hand, see Figure [l by using polar coordinates w = pe®?,

(2.1)

/1|dedw|_/ L i A dal
¢ fwlw =D C\D2(0) lw(w — 1)[2
- / ;ydw A dw|
D2 (0)\(De(0)UD<(1)) |w(w —1)[2
L 1
+/ —————|dw A db +/ 1
) Tw(w— D 1+ o To(w =D
_/ /27r dpdf
B pa 1‘p619_1’q
/ 1
O\ (D-(0)uD. (1)) [w(w —1)[4

/ /27r d,ode / /2” dpdf
pi~tpe® — 1] |pei® + 1[ap—1"

where, in the last of the four integrals of (2.1)), we used w = 1+ pe®. Since |z +y| > ||z| — |y||

|dw A dw|

|dw A dw|

FIGURE 1. Representation of the domains in ({2.1))

and ¢ € (1,2), we have

2m d 2m 00
/ / pdl / / dpdé’ _ 7 / dp < o0,
pq—l |p619 _ 1|q 29—1 q 2q—2 . pe
2 dpdf I dpd@ 2 ¢ dp
a1 00 _ 1la 1 7 S ;< 00,
o Jo P lpe? =17 = pi= (1 = (1—e)? Jo pi~




and

/ /Q’T dpdo / /2” dpdd _ _ _2m / dp _
|pe®® + 1]1pa~—1 p)iptt T (1—¢)t Jo ptt '

Therefore,
K, ::/ |dw A dw| < o
c [w(w —1)[
and thus
q
/ k|(7)‘|dz Adz| < MUK €772 < 00
Dr(0) [25(z = &)
for every fixed £ € C\{0}. O

Lemma 2.2 (Cauchy-Pompeiu formula, adapted). Let h : Dr(0) € C — C be a complex
function such that Oh/OZ exists and it is locally integrable. If lim, o h(2)/2*~1 =0, then

. _ h(z) 1 oh
2.2 2mh§§k:/ dz+/ L N
22 = o0 =0 o - 02
where £ € C\{0} and O0Dg(0) = {z € C;|z| = R} denotes the boundary of Dr(0).

Proof. Define the 1-form
h
¢(z) = Zk(z(z_) £)

Let W = Dr(0)\(D,(0)UD,(£)) for some a > 0 sufficiently small, see Figure Since 1/2%(z—¢)
is holomorphic in W, then

dz.

8¢dz/\dz = —*ahdz ANdz.

a6 = 80z

By using Stokes’ theorem, we have

(2:3) /w = /aw ?= /8DR(0) . D4 (0) . /317@(5) >

FIGURE 2. Representation of W
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Let us calculate the integrals of the right hand side of (2.3) and take a — 0. Making z = ae®
in 0D,(0), we obtain

2 0\, 10 2 6
lim ¢ = lim hacT)iae™ 0 i Pae”)

R0 . : 9 =0
a=0 Jop,) @20y aFe*?(ae’® —§) a=0 Jy  (ae®)k—1(qe? —¢)

h(ae

since limg_0 (ae(lg)k )1 = 0 by hypothesis. On the other hand, making z = £ + ae® in 9B,(€), we

have

21 10\, 10 10
lim ¢ = lim / h&(g +act)iac” o _ i / ((“"’e)de — 2mih(£)e*
0 0

a=0 Jop. () a—0 & + aef)kqet? a—0 £+ aef)k

Thus, taking a — 0 in (2.3)) gives

- L Ok s W) ek
/DR(O)Z’“(Z—f)aZdZAdZ /<9DR(0)Zk(Z—§)dZ 2mih(§)€

0

Lemma 2.3. Let h: U C C — C be a locally integrable complex function, where U is an open
neighborhood of 0. Let zgp € C\{0} and, for ¢ >0, D. = Dr(0)\(D(0) U Ds(20)). If there exists
M := supp, o \h(2)/2%7Y| for some k > 1 and for some R > 0 then, for every q € (1,2) and
for every € € C,

h(z) !
duNdv|dz N\ dy
/, [/DR(O) FE- € ) ]
q+1 2—q q
< (2R)/ z nz) du A dv
2—gq Dr(0) | 27(2 — 20)
and
h(z a dz A d
Jo oo |7 10
. |Japr(0) [2*(2 = 20) 1€ — 20l
g+1 2—¢q q
< 297w (2R) / : h(z) d].
2—q aDr(0) | 2* (2 — 20)

In particular, the same conclusion holds if lim, o h(z)/2** = 0.

Proof. Since the convexity of the function g(z) = z%, q € (1,2), gives

A+ B q<Aq+Bq
2 - 2

, for A, B >0,

we have

1 1

(z=&)(E—2) z—2 (2—5 §—zo

1

2¢—1 2q
< + .
|z — 209]z = £]7 |z — 20/|9]§ — 20|

This implies

(2.4)




Also, by taking & = zg + pe®?,

dx A d dx A d 2R 27 qod 21 (2R)24
oy [ A dendy R meRE
Dr(0) 1€ = 20]4 Dan(z0) 1§ — 20l o Jo 2—q

Since, by Lemma [2.1

q

h(z) du N\ dv < oo,

2z = §)

/DR(O)

for each fixed £ # 0, by using (2.4)), Fubini’s theorem over D, = Dr(0)\(D<(z9) U D.(0)), and
(2.5), we obtain

A

h(z) 1

2F(z =€) (€ — 20)
h(z)

+2q_1/5 [/DR(O) o

2F(z = 20)(€ — 20)
q
= 2‘11/ -~ hz) [/ dz A dy] du A dv
Dr(0) | 2"(2 — 20) p. €= 2]
+2q‘1/
Dr(0)

h(z) |? dx A dy
| Lo T 2o

du A\ dv] dx N\ dy

q

du N\ dv] dx A dy

q

du A dv] dx A dy

q+1 2-¢q q
Ry N
2—gq Dr(0) | 2%(2 — 20)
Analogously,
h(z a de Ndy _ 29t17(2R)?*~4 h(z e
[ ey dends et | e
. | Japr(0) 125 (2 — 20) 1€ — 20 q aDR(0) | 27(2 — 20)

Now we are ready to prove Theorem

Proof of Theorem[I.1l The proof will be divided in four steps.
Step 1. Iflim, o h(2)/2*~1 =0 for some k > 1, then h(2)/z* is bounded in Dg(0) for R >0
fized, but sufficiently small.
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By using the Cauchy-Pompeiu formula ({2.2)), p. [7} the hypothesis, and the Holder inequality,

we have
h(€) Ih(z)ldz] o
2”‘5’6 S/aDRW Bz - >|+/DR e >\’az"d”'
</a <>|| (<Z)”dz>||+/ o |('z< (|h(5)||)’d“dz‘
Dr(0 2F(z Dgr(0 z
pEldz | (GIhED OGN
(26) </8DR<0> [z~ f>|+DR2%>{ h(2)| /DR@ o)

h(z)

TR)Y/P _ e
= e Fe- 9

1/q
+ Mellelyn [/DR«» Fe—9) ] |
where
o SR
(2.7) MR'_DR(I()J){ [h(2) }< |

by hypothesis, and

1/p
lllor = [ / o(2)|dz Adz]
Dr(0)

is the LP norm of ¢ in Dr(0). Notice that the second integral of the right hand side of (2.6]) is
bounded for every fixed £ # 0 by Lemma p. 6l By using

q q q
<A+B> S A +B ? fOI’A,B>O7 QG(LQ)’

9 2
we obtain
1/q
. @ q l/p ﬂ q
(27) gk | = (2rR) /aDR(m He=9)
1/q) 1
) g
o +Mrgll¢llp,r [/DR(O) 2k(z =€) ] }
- h(z)
24 1 27 R)? ! Fog| P
§ (71' ) /BDR(O) Zk( ) ’ |
b q
—}—Qq_lM]ngQOHg,R/D ) zk(z(z—)ﬁ)
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Multiplying inequality (2.8) by [§—z0|7%, z0 € Dr(0)\{0}, and integrating on D. = Dr(0)\(D.(z20)U
D.(0)) gives

neE) |4 Ri! h(z) | dx N dy

/DS k(€ — 20) i dy = 22—ar /E [/@DR(O) k(2 =€) |dz‘] |§ — 20l
MRIISO\p,R>q h(z) | dx A dy
+< ™ / /DR(O) 2k (2 =€) du v 1€ — 20l7’

where z = u + v, { = x + iy, and |dz A dzZ| = 2du A dv. By using Lemma p. [8, we obtain

h q q—1 2—q h q
/ P Y Y () dx Ndy < }57  Brh / T (2) |dz|
p. |§5(§ — 20) 2279 2—q Japuo) |2 (2 — 20)
Mq q 2—q q

+ rlle pR 8TR / i h(z) du A do,

w0 2=q o |75 — 20)

and thus the left hand side is bounded for every € > 0. Taking ¢ — 0, we have

8Mq q R27q h q 21—|—q h q

(2 —q) Dr(0) |27(2 = 20) 2—4q Japg(o) | 2" (z — 20)

Since 2 — ¢ > 0 and MRg||¢||p,r decreases as R — 0, taking R > 0 sufficiently small, we get
Mgl R

212 — ) > 0.
By replacing in , we obtain
(2.10)
21+q qfqu q R 1/q q 1/q
QWM§>S G ML ——— J%Mhﬁ - /1 LGN W
3 i (2_Q)_8MR||<PHP,RR 1 dDR(0) | # (z—¢)
Since
h q 27 hR 0\ |q
/ k 2 |dz] :/ k ‘—1( 6'9)‘ df
aDR(0) | 27(z =) o RFIHRe" — gl

1 2m )
< h(Re™)|%do
< ey, A

we conclude that k(€)% is bounded for ¢ near zero.
Step 2. There exists lim,_,q h(z)z7F.
Define T : Dr(0) — R by

1 Oh _
T (&) = /DR(O) 72’“(2 — 6 gdz ANdZ

and T : DR(O) — R by
_ h(z)
T = /BDR(O) k(2 =) e

Thus, by using the Cauchy-Pompeiu formula (2.2)), p. to prove that lime_,o h(£)E7F exists,
one only need to prove both lime_,o71(§) and limg_,o T2(&) exist. In fact, by the step 1, there
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exists N = supp, ) |h(2)z~*|. Therefore, using the hypothesis and 1 , -

oh 1 1 1 _
/ - Tk - dZ/\dZ
Dr(o) 022" \2 =& 2z—-&

T1(§2) — T (&)l =

< / oh| 1 1 1 dz A d|
— | T — z z
T Ipp 102 2F |2 =& 2—&
G([h(2)]) | h(z) &2 — &1 _
< p(z dz \NdZ
Jow O e C-a-e)|
1
< MgpN|& — z dz Ndz
<MaNg =6l [ ot gy | e
1 1/q
< MpN — dz NdZz .
< MgN&, &WMMJAMmp_&M%{WI 1
Considering z — & = (&2 — &)w we have
1 q 1/q
Ty (&) — T1(&)] < MpN|le|pzlé& — &7 [/ ww=1) |dw N dw\]
(2.11) Dpyjgy—gy)(€1) 1WAW
19 1 q 1/q
< MeNlelalee -l | [ i nanl]
c|w(w—1)

Since the last integral in (2.11)) is finite by the Lemma p. |5, we obtain

Ti(&2) = Ta(€)] < (MaN|l@lprKy )2 = &=

Thus, by taking Cauchy sequences and using that p > 2, there exists lim¢_,o 71 (). On the other
hand,

h 1 1
R N e
el [ ety
T Rk-1 / ’Reze §2HR619 §2|d0

|€2 — &1 T i
SRk%RmWRmDA IR(BE)]db.

Therefore, by taking Cauchy sequences again, there exists lim¢_,o 75(£). Since, by the Cauchy-

Pompeiu formula (2.2), p.

omih(€)E7F = T1(€) + Tu(€),

there exists limg_,o h(£)E7F.
Step 3. If lim, o h(2)/2F =0 for every k € N, then h = 0 in some neighborhood of z = 0.
Suppose, by contradiction, there exists zg in a neighborhood of 0, |z9| < R, such that h(zg) # 0.
Taking the power ¢ and integrating , p. over £ = x + iy, using Fubini’s theorem and
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, p- |§|, we have

q q
(27T)q/ ig) dz Ndy < Cl/ / k}l& |dz|| dx A dy
Dr(0) 3 Dg(0) | JODg(0) 2 (2 —§)
q
(212 <o [ RN [ A g
ODR(0) | % Dr(0) 1€ — 2[4
2—q q
TR [
2—q aDg(0) | #
Let
(2.13) D* = {z € Dg(0); |z| < |z0] and |h(2)]| > ’h(go)’ } ,

see Figure

FIGURE 3. Representation of the set D*, see (2.13)).

On the one hand,

h(&)|? h 1
(2.14) (27r)q/ @ dx N dy > ’ (Zko) 7l vol D* =: a|z| 9.
pr©) | & 2
On the other hand,
27(2 2—q h q 2) 3—q 27 )
(2.15) 7T(R)Cl/ g |dz| = [W(R)Cl/ \h(ReZG)|qd9} R —. pp—9F.
2—q aDR(0) | # 2—q 0

Replacing both (2.14) and (2.15) in (2.12)) gives a|zg|~% < bR~ Since |z0| < R, we have

k
0< limsupg < lim (|zo|q> =0,
koo b k—o00
i.e.,, a = 0. But since a = |h(z9)|97? vol D*, we conclude that |h(zg)| = 0, which is a contradiction.
Therefore h = 0 in a neighborhood of z = 0.
Step 4. Conclusion. If h is not identically zero in a neighborhood of z = 0 then, by Step
3, there exists k > 0 such that limg_oh(z)z~*=D = 0 and limy_oh(2)z=% = ¢ # 0 or
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limy_,o h(2)2z~* do not exists. But, by the Step 2, the second case cannot happen and thus
there exists ¢ € C such that

h
lim ikz) =c#0.

z—0

This implies that

h
g =c+ R, with lim R =0,
z z—0
ie.,
h(z) = 2F(c + R) =: 2Fhy,(2) with hy(0) = ¢ # 0.
Therefore, we conclude the proof of the theorem. O

3. PROOF OF THE RIDIGITY THEOREMS

Before proving our main theorems, we give a brief introduction to weighted geometry in R™.
We refer, for example, [12] for a more detailed exposition. We call (R, (-,-),e™f) a weighted
Riemannian manifold if it has a weighted measure dVy = e~ fdV, where f : R™ — R is a function
of class C%. Let X : ¥ — R" be an immersion of a surface ¥. Consider ¥ with the weighted
measure

sy = e fdx,
and the induced metric (-, ).
The first variation of the weighted volume V¢ (X) = [ e~fdY is given by
d

— V(2
o 7(2t)

= —/<Ti,Hf>e—fdz,
b))
where T is a compactly supported variational vector field on ¥ and

(3.1) H;,=H+ (V)"

t=0

is the weighted mean curvature vector of ¥ in R™. Here (V f)* denotes the part of the gradient
Vf of fin R™ normal to ¥ and H denotes the non-normalized mean curvature vector of ¥ in
R™, i.e., the trace of the operator

B(Z, W)=V ,W —VZW,

where V and V* denote the connection of R" and X, respectively.

We say that a surface X has parallel weighted mean curvature, if Hy is parallel in the normal
bundle, i.e., Vle = 0. In particular, if H; = 0, we say that X is f-minimal.

In the case that f(X) = [/ X]|?/4, we call the weighted manifold (R", <',->,€_”XH2/4) the
Gaussian space. Notice that self-shrinkers are f-minimal surfaces in the Gaussian space.

If the codimension is one, the parallel weighted mean curvature surfaces in the Gaussian
space are called A-surfaces. By using , we can see that A-surfaces are characterized by the
equation

1

where A € R, N is the unit normal vector field of the immersion, and H is its mean curvature,
i.e., H= HN. Observe that self-shrinkers of R? are also A-surfaces for A = 0.
For each point p € ¥ we can take isothermal parameters v and v in a neighborhood of p, i.e.,

ds® = a(u,v)(du? + dv?),
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where ds? is the metric of ¥ and a(u,v) is a positive smooth function on ¥.. Complexifying the
parameters by taking z = u + tv, we can identify % with a subset of C. In this case, we have

(X, Xz) = a(2z) and ds? = a(z)|dz|?.
The immersion X satisfies the equations

(6%
VXZXZ = EZXZ + B(X27Xz)7
(3.2) V. X, = %H,

Vi X: = %Xz + B(X:, X3),

and, for any v € TS+,

1 2
Vx.v= _§<H7V>Xz - a(B(X%Xz)vwXZ + vé_(z’/

2 1
Vx, V= —E<B(X5,Xg), WX, — 5<H, VX: + Vxv,

(3.3)
where V1 is the connection of the normal bundle TS+,
Let us denote by

PYdz* = (B(X., X.),v)dz*
the (2,0)-part of the second fundamental form of ¥ in R™ relative to the normal v € TX+. This

quadratic form is also called the Hopf quadratic differential.
Since

z

1 .
PY = (vX X27V> = Z<VXu—zXUXu - ,LXU7V>

(3-4) = 7 UVx, X, v) = (Vx, Xo,v) —i({(Vx, Xo, 1) + (Vx, Xu, )]

1
Z[II”(Xu,Xu) — 11" (X, Xy) — 2011 ( Xy, Xo)],

e~ =

where IT is the second fundamental form of ¥ in R” relative to v € TS+, we have P¥ = 0 if
and only if 71V is umbilical.
The next result will be an important tool to the proof of the main results.

Proposition 3.1. Let ¥ be a Riemann surface and PYdz? = (Vx.X,,v)dz? be the Hopf differ-
ential, relative to v € TYL, of an immersion X : (X, a(z)|dz|?) — R™. Define

Qvdz? = e~/ praz?.
If v is parallel at the normal bundle, i.e., Vv =0, then
1
QY= e 2l |(Hy,v). — Hessf(X.,v) + 5 Hy = VAV)(VEXG) |
where Hessf is the hessian of f.

Proof. First let us prove that, for Vv = 0, we have

«
PEV = Z<H,Z/>Z.
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In fact, by using (3.2)) and (3.3)),
0
z $<VXZXZ7V> = <VX2szXzaV> + <VXZXZ’VX2V>

= (R(X,, X5)X,,v) +(Vx. Vx. X.,v) + (Vx_ X.,Vx.v)

((szsz V>) - <VX2XZa szV> + <VXZXZ7 VX2V>

9
0z
0 [« a 1 2p” 1

& <Z<H,I/>> — <4H, —§<H,I/>XZ — TXE + VXZV>
2 X, — %(H,WX; + Vﬁ‘(zy>
o

_ %KH, V). — (H, Vi )] + (B(X., X.), V.v)

+ <O‘ZXZ + B(X,,X.),—
-

[0
- Z<H7 V)Z)

where R(X,, Xz)X, = 0 is the Euclidean curvature tensor and, in the last equality, we used that
V4tv = 0. Since 5 .
Q7 = i(e_%fpy) = —§f2€_%fpu +e 2 Py
Pl/
= e (VL Xe) + S (),

= — e N (Vf, Xz) + e 2 [(Hy,v). — (V)]

B

— L e VX + %e—%f[mf,wz VXV 0 — (Vf, V. 0)]

1 2PY
=L MV o e (B0 - Hess () = (VA5 )X - 20 )
«

= %e*%f [(Hf, v), — Hessf(X,,v) + %(H, v)(Vf, XZ)]

(0% 1

= Ze_§ [(Hf,y)z —Hessf(X,,v) + %(Hf -V, u)(Vf,XZ>] ,

where, in the fourth equality, we used again (3.3) and Vv = 0. O

We will also need the following result which proof can be found essentially in Yau [30] (see
Theorem 1, p. 351-352) and Chen-Yano [9] (see Theorem 3.3, p. 472-473). For the conclusion
when v = H/||H|| we use Theorem 2, p. 117, of the work of Ferus [19].

Lemma 3.1. Let X : ¥ — R*t™ m > 1, be an immersion of surface homeomorphic to the
sphere. If there exists a normal vector field v € TXL such the that V+*v = 0 and AY = pl
everywhere in 3, where AY is the shape operator of the second fundamental form of X relative
to v, then p is constant and

i) X(X) is contained in a round hypersphere of R**™ if 11 # 0;

ii) or X (X) is contained in a hyperplane of R*t™ if 1 = 0.
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Moreover, if the mean curvature vector H # 0 and v = H/|H||, then X has parallel mean
curvature and X (X) is a minimal surface of a hypersphere of R2T™.,

Proof. Since V+v = 0, we have
Vv = Vv + AY(U) = pU,
for every U € TY.. Taking the covariant derivative, we obtain
(3.5) VyVyv =Vy(uU) =V(uw)U + uVyU.
for every V € TS. On the other hand, in R*t™,
VyVyv = VyVyr + Viy g
= Vu(uV) +pV,U]
=U(p)V +uVyV + puVyU — pNyV
=U(p)V + puVyU.
Comparing and , we obtain
V(mU =U(p)V.
Since U and V can be taken linearly independent, we conclude that U(u) = 0 for every U € TY,
i.e., p is constant. If g = 0, then Vv = 0. This implies
U(X,v) = (VyX,v)+ (X,Vyv) = (U,v) =0,
i.e., (X, v) is constant and X () lies in a hyperplane with normal v. On the other hand, if x # 0,
then Y = X — iy satisfies

(3.6)

1 1
VoY =VuX = Vv =U - ;(MU) =0,

which implies that Y is a constant vector xq, i.e., ||X — zo|*> = 1/p? and X(X) lies in a
hypersphere S (zg,1/p) of R2*™ with center ¢ and radius 1/p.

Now, assume H # 0 and v = H/||H||. Let {v,n2,...,m,} be an orthornormal frame of T+,
We have

m
H = (traceA”)v + Z(traeeAm)m.

=2
This implies that traceA” = 0, i = 2,...,m. Since traceA” = 2y, which is constant, we have
that H = 2uv is parallel, i.e., X has parallel mean curvature vector. The conclusion then comes
from Theorem 2, p.117 of [19], which states that if a surface, homeomorphic to the sphere,
is immersed in some Euclidean space, with parallel nonzero mean curvature vector, then X
immerses Y as a minimal submanifold of some Euclidean hypersphere. O

Now, we are ready to state and prove the main theorem of this section. This theorem is a
rigidity result for parallel weighted mean curvature H; surfaces in the Euclidean space with
arbitrary codimension and radial weight f(X) = F(||X||?), where F : R — R is a function of
class C2. Since the codimension can be arbitrary large, we assume that X (X) does not lie in any
proper affine subspace of the Euclidean space.

Theorem 3.1. Let X : ¥ — R*t™ m > 1, be an immersion of a surface homeomorphic to the
sphere. Assume that all the following assertions holds:
i) X has parallel weighted mean curvature Hy, i.e., VLHf = 0, for a radial weight f(X) =
F(||X|]?), where F : R — R is a function of class C2.
ii) There exists a unitary normal vector field v € TS+ such that V+v = 0.
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ii1) There ezists a non-negative locally LP function ¢ : ¥ — R, p > 2, and a locally integrable
function G : [0,00) — [0, 00) satisfying limsup,_,o G(t)/t < oo, such that

(3.7) [F(IX1%) (8, v) = 2 [2F"(1X)12) + (F(1XP)2] (X)X T < oG (127]).

Then X (X)) is contained in a round hypersphere of R*T™. Moreover, if H # 0 and v = H/|H||,
then X (X) is a minimal surface of a round hypersphere of R2T™ or a round sphere in R?T™.,
Here X denotes the component of X tangent to TY, ||®¥| denotes the matriz norm of
V= AY — (traceA¥/2)I, where AV is the shape operator of the second fundamental form of X
relative to v, traceA” is its trace, and I : T — T3 is the identity operator.

Proof. First, notice that, since e; = (1/ Va)X, and 62 (1/y/a) X, forms an orthonormal frame
for TX, denotmg by hi; = 11" (ei,€5), by using , p- . we have

|7 [[* = (hY; — (tracelI”/2))* + (kb — (tracelI”/2))* + 2(hY,)?
14 14 2
:2<h115 22) +2( 11/2)2
[( 11— hs)? 4+ 4( 11/2)2]

5 [T (Xu, Xu) = TT7(Xy, X,))? + ATTY (X, X,)?]

N =

l\.')
g~

= DIPP

This gives
y 1 2 v o 1 2 v
QY| = e 3FUXIP) | pr| = 55 2PUXIE) 19 .
On the other hand,

2
Vf=2F(|X|*X and ajgm = 4F"(| X ||*)ziz; + 2F' (| X |1*)6i5,

A

where d;; = 1, if i = j, and d;; = 0, if i # j. By using Proposition 3.1} p. we have

QY = Se s FUXI 4" (| X|2) (X, X.) (X, v) + ((Hyp, v) — 2F (I X|12) (X, v) F'(|| X 12X, X.)]

_1 2
= —e 2 FUXIDF (| X1 (Hy, v) — 22" (1X]17) + (F/(1X]1%)*) (X, )X, X2),
provided V-H; = 0 and Vv = 0 imply that (Hy,v) is constant. Since
2
X=2(X, X)X, + =~ <X X)X+ X,
&)

where X is the part of X normal to ¥, and [(X, X.)| = $|(X, X,) — i(X, X,)| = [(X, Xz)|, we
have

1XT ) = — /[, X)X, X)] = jar<x,xz>|.

Va
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Thus, by using hypothesis (3.7), we obtain
a1 2
@z = e FUXID T F/ (| X1 (Hy,v) = 2 2P (1X(1) + (F(1X[1%))%] (X, )] [(X, X))

o3/ 1 )

< =5 P XIP) Y, v) = 2 2P (LX) + (F/ X)) [ 1IXT
32 ,

< e PG ()

3/2 24/2
<& I FUXID G ( \a[e;ﬂnw)@u‘) '

8

Define
h(z) = 2v2a te2 FUXIP Qv = 22071 PV

We have
Oh

0z

9

0z

<

<

(2\/§a1€;F<nxn2>)' Q¥] + 2v/3a-1eAFUXIP) gy
9 “1 A PUXI) [1 0¥ 4 /2

5= (2v2071e3 XY QY + [ SeG(h(2))
|—aza 263 PN 4 =1 F()|X ) () X 2) e 70X

_ kbl )+ SeGAE)

sl + SEPUXIPIXT + ] SR,

where G(t) = max{t, G(t)}. Since

1 Va a
sl + YEP(X X 4/ 2p € L, p > 2,

IN

and

lim sup @ = max {1,limsup G(t)} < 00,
t—0 t t—0 t

we are under the conditions of Theorem p. [2l Thus either h(z), and thus PV, is identically
zero in a neighborhood V' of a zero zp or this zero is isolated and the index of a direction field
determined by Im[P¥dz?] = 0 is —k/2, hence negative. If, for some coordinate neighborhood V/
of zero, P¥ = 0, this holds for the whole X. Otherwise, the zeroes on the boundary of V will
contradict to Theorem So if P¥ is not identically zero, all zeroes, if any, are isolated and
have negative indices. This implies that the sum of all indexes of the isolated zeroes are negative
(if there are zeroes) or zero (if there are no zeroes). Since ¥ has genus zero, by the Poincaré
index theorem the sum of the indices of the singularities of any field of directions is 2 (hence
positive). This contradiction shows that P” is identically zero. This implies that A = ul,
i.e., v is a umbilical normal direction of X. By using Lemma since X (X) does not lie in
a hyperplane, we conclude that p # 0 and X (X) lies in a hypersphere of R2*. Moreover, if
H # 0 and v = H/||H]||, by the same Lemma, X (X) is a minimal surfaces of a hypersphere of
RQ—}—m' O

In the case when ¥ is f-minimal, i.e., Hy = 0, and the weight f(X) = F(||X|?) satisfies
F'(t) # 0 and 2F"(t) + (F'(t))* # 0, for every t € R, ¢t > 0, the next result follows from
Theorem [B.1]
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Corollary 3.1. Let X : ¥ — R?>T™ m > 1, be an immersion of a surface homeomorphic to the
sphere. Assume that all the following assertions holds:

i) X is f-minimal, i.e., Hy = 0, for a radial weight f(X) = F(||X|*), where F : R — R
is a function of class C? such that F'(t) # 0 and 2F"(t) + (F'(t))?> # 0, for every
teR, t>0.

i) There exists an unitary normal vector field v € TY+ such that V+v = 0.

iit) There exists a non-negative locally LP function ¢ : X — R, p > 2, and a locally integrable
function G : [0,00) — [0, 00) satisfying limsup,_,o G(t)/t < oo, such that

H 2 H, )| \? ,
(38) (|Xu2—<w”(pﬂu2)) ) (3ens ) < #*Clely

Then X (%) is contained in a round hypersphere of R2T™ of radius R, where R is the solution

of the equation
F'(R*)R* =1,

and centered at the origin. Moreover, if H # 0 and v = H/||H||, then X (X) is a minimal surface
of a round hypersphere of R*T™ with the same properties.

Here || ®|| is the matriz norm of ®¥ = A — (traceA” /2)1, where A" is the shape operator of
the second fundamental form of X relative to v, traceA” is its trace, and I : TYX — TX is the
identity operator.

Proof. By taking H;y = 0 in (3.7]), we obtain
P v
(3.9) (X)X < G([[e"])-

2F([IX11%) + (F([1X]1)?
Since, using (3.1)),

0=Hy = H+ 2F(|X|?)x",
we have

(H,v) T2 2 12 2 | H]| 2
(X,v) = — 0 oy and | X7 = | X" = [ X" = X" = 55752y ) -
2F" (|| X%) 2F"(||X1%)

Replacing these expressions in (3.9), considering ¢/(2F" (|| X|[?) + (F'(|| X?))?) in the place of
©, and squaring the resultant inequality, we obtain that becomes . The result then
follows from Theorem B.1]

In order to determine the radius and the center of the sphere, consider Hg the mean curvature
vector of ¥ in S!*™(z¢, R), where zq is the center and R is the radius of the sphere, and IT the
second fundamental form of S!*™(xg, R) in R**™. We have

2 2
H=Hs+ ) Il(e;e) = (Hv)=(Hg,v)+

i=1 R’
where {e1, e2} is an orthonormal frame of TY. Since Hg € TS'*™ (o, R), then (Hs,v) = 0, i.e.,
2
H = —.
(Ho)= 2

By using H = —2F/(|| X||?) X+, we obtain

RF(IX|2)(X, ) = —1.
Since X (X) C S (20, R), we have X = zq — Rv. This gives
(3.10) RF'(|| X|*){(X, 20 — X) = —1.
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Taking the gradient Vy, of ¥ in (3.10)),
RE"(| X)X, 20 — X) V(| X[?) + F'(IX[*) (V= (X, 20) — Vs (I X][*)) =0
ie.,
(3.11) 2RF"(|X|*) (X, 20 — X)X T + F'(|| X||*)(zg —2X ) = 0.
Since X T =z, by multiplying (3.11) by F’(||X||?) we obtain
[2F" (| X|I*) (RE' (| X [I*) (X, 20 — X)) = (F'(| X[1))?] X T =0.
By using (3.10)) again gives
= [2F"(IX[1%) + (F'(1X]*)*] X T = 0.

The hypothesis 2F" (|| X[|?) + (F'(]| X||?))? # 0 thus implies that X T = 0. Since Vx(||X|?) =
2X " =0, we have that ||.X||? is constant, i.e., X is immersed in a sphere centered at the origin.
On the other hand, calculating the Laplacian Ay, of || X||? in ¥ gives

1
0= As|X[* = (H,X) +2 = —2F'(| X[ X]* +2,
ie.,
FI(IXIP)X)* = 1.
O

IXI® 5 pplying Coroll
1> applying Corollary

Since self-shrinkers are f-minimal surfaces for the weight f(X) =
to F(t) = t/4, we obtain

Corollary 3.2. Let X : ¥ — R*t™ m > 1, be an immersed self-shrinker homeomorphic to the
sphere. Assume there exists an unitary normal vector field v € TS+ such that VYv = 0. If there
exists a non-negative locally LP function ¢ : ¥ — R, p > 2, and a locally integrable function
G : [0,00) — [0, 00) satisfying limsup,_,, G(t)/t < oo, such that

(X1 = 4H 1) [}, )2 < @*G([[27])?,

then X (X) is contained in a round hypersphere of R**™ of radius 2 and centered at the origin.

Here ||®”|| is the matriz norm of ®¥ = AY — (traceA” /2)I, where AY is the shape operator of
the second fundamental form of X relative to v, traceAY is its trace, and I : TY — TY is the
identity operator.

Remark 3.1. In the particular case when H # 0 and v = H/||H]||, then Corollary is also a
consequence of the main theorem of Smoczyk, see [29]: A closed n-dimensional self-shrinker of
R™™ s a minimal submanifold of the sphere S*™™~1(\/2n) if and only if H # 0 and V+v = 0,
where v = H/||H||.

If we consider the case of codimension one in Corollary [3.2 then we obtain Theorem [I.2}

Corollary 3.3 (Theorem p. . Let X : ¥ — R3 be an immersed self-shrinker homeomor-
phic to the sphere. If there exists a non-negative locally LP function ¢ : ¥ — R, p > 2, and a
locally integrable function G : [0,00) — [0,00) satisfying lim sup,_,, G(t)/t < oo, such that
(IX)1? = 4H*) H? < 9*G(||®])?,
then X (X) is a round sphere of radius 2 and centered at the origin.
Here ||®|| denotes the matriz norm of ® = A — (H/2)I, where A is the shape operator of the

second fundamental form of X, H 1is its non-normalized mean curvature, and I is the identity
operator of TX.
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Now, we present a proof of Corollary p. [ as a consequence of Theorem p.

Corollary 3.4 (Corollary p- . Let X : ¥ — R3 be an immersed self-shrinker homeomor-
phic to the sphere. If at each umbilical points, the lower order of |®||> minus the upper order of
the function (|| X||? —4H?)H? is less than 2, then X (X) is a round sphere centered at the origin
and of radius 2.

T : _ AXIP—4H?)H? _ el :
Proof. Let zp € ¥ be a umbilical point, a = (! (z0) and b = (""" (z0). By using
Definition [1.1] p. A, and the hypothesis, we have
(IX|* — 4H*) H?

lim su - < 00
Z_>Zop (dist(z, 2z9))®

and )
. (dist(z, z0))" o |®]? -
| ~— 7 =1 f—— < 0.
LT 250 (dist(z, 20))? >
Since
(IX|P? —4H*)H? _ (| X|* - 4H*)H? (dist(2, 20))" 1
| ®][2 (dist(z, 20))” | @2 (dist(z, 20))b~¢’
then
(IX|* —4H*)H* P p
||(I)H2 =T, p e Lloc e (diSt(Z,Zo))(b_a)/2 = Lloc? p>2.
Note that

1
(dist(z, 20))?
If b > a, since b — a < 2, we can choose 2 < p < ﬁ such that (b —a)p < 2. If b < a, then
(b —a)p < 2 for every p > 0. Thus, by using the hypothesis, we have
(IX|* — 4H?*)H?
]2
The result then follows from Theorem [[.2] O

€Ll = pB<2

p
loc*

=2, forpe L

For surfaces with parallel weighted mean curvature in the Gaussian space, we have

Corollary 3.5. Let X : ¥ — (R2+m,<-,->,6_”XH2/4), m > 1, be an immersion of a surface
homeomorphic to the sphere into the Gaussian space. Assume that all the following assertions
holds:
i) X has parallel weighted mean curvature Hy, i.e., Vle =0.
i) There exists an unitary normal vector field v € TY+ such that Vv = 0.
iit) There exists a non-negative locally LP function ¢ : X — R, p > 2, and a locally integrable
function G : [0,00) — [0,00) satisfying lim sup,_,o G(t)/t < oo, such that

(3.12) (X117 = 4H; — H|*)(H,v)* < 9*G([|@"])?,
Then X (%) is contained in a round hypersphere of R2T™. Moreover, if H # 0 and v = H/||H]|,
then X (X) is a minimal surface of a round hypersphere of R>T™ of radius
(Hy,v)? +4 - (Hy,v).

Here ||®"|| is the matriz norm of ®¥ = AY — (traceA” /2)I, where AY is the shape operator of
the second fundamental form of X relative to v, traceAY is its trace, and I : TY — TY is the
identity operator.
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Proof. By taking F(t) =t/4 in (3.7)), we obtain
1

n <Hf7V>

1 (X, IX I < G127,

1
2
i.e.,
1 T v
7 LX< oG([127]).
Since
-
IX = X 01% = X117 = | X|* - 4| H; - HJ,
then (3.12)) becomes (3.7) and the result comes from Theorem

In order to determine the radius of the sphere, consider Hg the mean curvature vector of X

in S (g, R), where g is the center and R is the radius of the sphere, and IT the second
fundamental form of S (z¢, R) in R?*™. We have

2
— 2
H=Hs+ ) Il(e;e)= (Hv)=(Hgv)+ =

i=1 £
where {e1, e2} is an orthonormal frame of T'Y.. Since Hg € TS'™ (o, R), then (Hg,v) = 0, i.c.,
2

3.13 H = —.

(313) Ho)= 2

Since H=Hy — %XJ-, we have

4
(314) <X7V>:2<Hf7’/>_2<H7V>:2<Hf7y>_ﬁ'

On the other hand, X (X) C S'*™(z¢, R) implies X = xo — Rv. This gives (X,v) = (zg,v) — R,
ie.,

2
(3.15) (zo,v) = R+2 <<Hf,u> - R).
Taking the gradient in (3.14)) and using that (Hy,v) is constant, we obtain
(X, Rv) = (X, zo) — || X]|?

so that
0= V(X,Rv) = V(X,2) - V(| X|]) =2g —2X " = -X".
Since V(|| X|?) = 2X T = 0, we deduce that || X]|? is constant. Taking the Laplacian

1
0= 5A||X||2 = (H,X)+2
and using (3.13)), we have
2
(xo, H) = (X + Rv,H) = (X, H) + Ry, H) = —2+ R- = = 0.

R
_ H
Ifv= IR then 1' becomes

0=R+2(H - =
+ (< f7V> R)?
which gives

R = <Hf,l/>2+4—<Hf,I/>.
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In particular, for A-surfaces, we obtain

Corollary 3.6. Let X : ¥ — R3 be a immersed \-surface homeomorphic to the sphere. If there
exists a non-negative locally LP function ¢ : ¥ = R, p > 2, and a locally integrable function
G : [0,00) — [0,00) satisfying limsup,_,, G(t)/t < oo, such that

(X117 = 4(x = H)?) H? < o*G(]|@])?,

then X (X) is a round sphere of radius VA?> +4 — X and center at the origin.

Here ||®|| denotes the matriz norm of ® = A — (H/2)1, where A is the shape operator of the
second fundamental form of X, H is its non-normalized mean curvature, and I is the identity
operator of TY.

Remark 3.2. In the proof of Corollary since the codimension can be m > 2, we have that
the spheres || X ||? = constant and S+ (z¢, R) could be different. In this case we will have

X(2) c 8™ (2o, R) NS0, 1 X1,

where this intersection is, by its turn, a m-dimensional sphere.

4. UMBILICAL POINTS IN ROTATIONAL SELF-SHRINKERS AND THE DRUGAN’S EXAMPLE

Our goal in this section is to show that the hypothesis of Theorem is necessary and
cannot be removed. For that, we will study what happens in a neighborhood of certain umbilical
point of a rotational self-shrinker, particularly the example given by Drugan in [15]. If a smooth
surface of revolution intersects the axis of rotation (perpendicularly), then the point in this
intersection is an umbilical point. We remark that, since Drugan’s example is homeomorphic to
the sphere, it has two of these umbilical points. In this section we show that, if ¥ is a rotational
self-shrinker which is not a plane nor a sphere, then

VUXI? - 4H?)H?
1]
in a neighborhood of the umbilical point which intersects the rotation axis. By using this result,
we can conclude that Drugan’s self-shrinker is an example of self-shrinker homeomorphic to the
sphere which does not satisfy the hypothesis of Theorem proving that this hypothesis
is necessary (see Figure [4)).

Let ¥ be a smooth rotational self-shrinker. If the profile curve is written as a graph (z,y(z)),
the self-shrinker equation becomes

"(x x 1Y\ , 1
(4.1) s = (5 - 3) @ - @

Since the principal curvatures of a rotational surface with profile curve (x(t),y(t)) are given by

g LY  Vp>2,

loc?

—y'(t) , = T0y'() — 2" (0y"(?)
z(t)/(@' ()2 + (y/ ()2 ((2'(1))% + (¥ (£))*)*/?

k1 =

we have

]{71 = and 2 = .
1+ (¥ (2))? (14 (v/(x))2)3/2
This implies that, if the profile curve is a graph (z,v(x)), a point of the rotational surface is
umbilical if and only if k1 = ko, i.e.,

—/(2) o @




FIGURE 4. Draft of the profile curve of the Drugan’s example. The surface is
obtained by rotating the profile curve around the vertical axis. The intersection
of the profile curve with the rotation axis gives two isolated umbilical points

,_
\

which do not satisfy the hypothesis (1.3)) of Theorem
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Thus, a point (z,7(x)) of a profile curve of a self-shrinker gives an umbilic point if and only if

or, equivalently,

Define the function
(4.2)

V(@) _ <x . 1) V(@) - 3(a)

T 2 x

F(z) = ay(z) — (2% — 1)y (2).

A point (z,v(x)) of a profile curve of a self-shrinker gives an umbilic point if and only if F'(z) = 0.

Moreover,
1 1 (=) 7" (x)
1= gk el = 05 T o@rE| e 1RGP
B 1 @) (LN
v e G
(4.3)
- ! <x—2> V(a) - 12
VIVI+ (@) I\2 2 2

On the other hand,
(4.4)

and

(4.5)

—2H = (X,N) = (z,7(x)) - (/(x),—1)

IX|* = 482 = || X]]* = (X, N)

_ (@ = 4)y'(2) — ay(2)|
)

Qﬂxw

zv'(z) — v(x)
2

V1t (' (2))

s _ (@ +y(@)y (@)
I+ (@2

1+ (7' (x))?
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which implies

VUXIE—482)H? 2]z +(2)y (2)|[y(2) — 27/ (2)]

11l VI (@)% - 4)y (@) — ey ()|

For our purposes we will need the Taylor expansion of v and F' near zero.

Lemma 4.1. Let y(x) be the solution of with the initial conditions v(0) = b and v'(0) = 0.
Then, near x = 0, we have

(x) = —émQ—i 3—i—g a4+ 0(2%)
T =0T T 9m6 1
and
Fla) = —— 12 5+ 0(2h)
o 16 1)° T
where F(x) = 2y(x) — (22 — 4)v' (), see .
Proof. Let
v(z) = ag + a1z + agaz® + azz® + agz + O(20).
We have
v (z) = a1 + 2a9z + 3azx? + dagx® + O(z?)
and

7' (x) = 2ag + 6azx + 12a42* + O(2?).

Since v(0) = b, 7/(0) = 0 and 7”(0) = —b/4, we obtain a9 = b, a1 = 0, and ay = —b/8, which
implies

b
v(z) =b— §x2 + azx® + agzt + O(aP).

In order to calculate az and a4 we will use equation (4.1]). Notice that

1 1 b
<§ - 1:) v (z) = (; - x) (—495 + 3azz? + dagz® + 0(374)>

b b
=1 3agx — <8 + 4a4> 22 + O(z%)

implies

A DV O S RO 2 By_b_ b oo 3
( )’y(m) 7(30)—4 3asx (8—1—4a4>x + O(x?) 5~ 16" + O(x”)

b 3b 9 3
=1 — 3azx — (16—1—4a4> x“ 4+ O(z°).

Since
b 2
1+ (Y(2))? =1+2a” <_4 +Bog0+ dags” + O(x3)>
2

b 2 3
:1 —_
+ 167 + 0@,
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we have
1+ @R (5 - 3) 7@ - 5]
= (1 + i,xz + O(x3)> <—Z — 3azr — G’g + 4a4> z® + O(x3))
= —Z — 3azx — (i’g + gz + 4a4> 22+ O(z?).

By using (1)), p.
b3

b 2 3 b 3b 2 3
—= 12 - S (|
4+6a3x—|— asx” + O(x”) 1 3azx (16+64+ a4>$ + O(z°),

a—Oaunda——i 3—i—E
5 1T o6 1)

which implies

Thus, the Taylor expansion of v near zero is
_ b o b b*\ 4 5
~(x) —b—gac T <3+4> " 4+ O(x?).
Therefore

Now we present the first main result of this section.

Proposition 4.1. Let ¥ be a rotational self-shrinker which is not a plane or a sphere. If zg €
is a umbilical point, then

i) H(z0) # 0.
i) || X (20)|] = 2|H (20)| if and only if zy is in the rotation axis. Moreover, in this case
VX2 - 4H?)H?

1]l

gLy ., Vp>2.
Proof. The proof will be based on the fact that any smooth curve in R? is a union of graphs
y = ~y(x) defined on intervals of the form (—oo,c1], [c1,¢2] or [c2,00), where v has a vertical
tangent line in ¢; and ¢z, and vertical line segments.

Let (a,v(a)),a > 0, be the point in the profile curve correspondent to zp. Since zy is umbilic,
we have

(4.6) (@ = 4)/(a) = ay(a).
Thus, if a # 2, then
(@7) (@) = 2
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i) If, a # 2, then using (4.4)), p. we have

_ 4py(a)
a2 — 4]

a?v(a)
a?—14

H(z0)] = 05 |y(a) — av/(a)] = ]wa) - — 0 & (a) = 0.

This implies that 7/(a) = 0 and thus vy(z) = 0 for every z in a neighborhood of a, by the
uniqueness theorem for ordinary differential equations, i.e., 3 is (a piece of) a plane. If a = 2,

then, by (4.6, we have v(2) = 0. By using (4.4)), we have

/
2
o) = 2L g y2) =0,
V1+(7(2)
But v(2) = +/(2) = 0 gives again that y(z) = 0, i.e., ¥ is (a piece of) a plane. Therefore, if ¥ is
not (a piece of) a plane, we have that H(zp) # 0.

ii) If a # 2, then using (4.5)), p. we have
1X (20)|| = 2|H(20)| & |a +7(a)y'(a)] =0
a(v(a))?

a2 —4

(v(@)?*] _

=
’a-i— 24

:a‘l-i—

S a=0o0ra<?2and vy(a) =+V4—a’

In the second case, we have

a) = +£v4 — a? and, by [4.7), 7'(a) = S
() y @0, 7v(0) = F 7=
Since (z) = £v4 — 2?2 is a solution of the self-shrinker equation with (a) = v(a) and f'(a) =
v'(a), then by the uniqueness theorem for ordinary differential equations, v(z) = B(z) in a
neighborhood of @ and thus ¥ is (a piece of) S?(2). If a = 2, then (2) = 0. This implies that
4
X 2 _4(H L .
X (20) | (H(20)) T2 #0

Therefore, if ¥ is not (a piece of) a sphere then || X (z0)|| = 2|H(20)| if and only if a = 0, i.e., 2o
is over the rotation axis. This concludes the first part of the proof of item ii).
In order to show that

VIXI? - 4H?) H?
]l
in the neighborhood of a = 0, consider the Taylor expansion of y(z) for v(0) = b > 0 and

7'(0) = 0 given by Lemma[d.1] p.

¢ L,

loc?

By using (4.3)), (4.4)), and (4.5), p. we have
2?2 | L (1 + %) —I—O(m)‘
2v/2/1+0(2?2)
1—£>az—g—i<1+%>x3+0(m4)‘

_ b+ 0()| — _‘( 1
|H| = ; and /[ X[ — 4H2 = o

1+ O(a?

2]l =
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This implies

wap o)\ [(1-5) 8 (1) +06"|  F
14 O(z?) ‘%(14_%)_,_0(%)‘ x

VIX|? —4H?)H?
2]

1
oz

where F(0) = 32v2[1-b?/4] (1 +b2/4)_1. If b = 2, then, by the uniqueness theorem for
ordinary differential equations, ¥ is (a piece of) S%(2). Thus we can consider b # 2, which
implies F'(0) > 0. In this case, we have, for sufficiently small € > 0,

/ VX2 - 4H?) H? dEZ/E/% P T e s
By () 1l 0 Jo

T

227r/06 F(z)

P
zdx

X

- € 1
_ 5P —
> 271(F(0) — 6) /0 xp_ldx = 00,

for some § = d(e) > 0, since p > 2. This concludes the proof of item ii). O
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