ON THE SPECTRUM AND INDEX OF EXPANDING AND
TRANSLATING SOLITONS OF THE MEAN CURVATURE FLOW IN
R:S

HILARIO ALENCAR & GREGORIO SILVA NETO

ABSTRACT. In this paper we prove that two-dimensional translating solitons in R?® with
finite L-index are homeomorphic to a plane or a cylinder and that a two-dimensional
self-expander with finite L-index and sub exponential weighted volume growth has finite
topology. We also prove that translating solitons and self-expanders have finite topology,
provided the bottom of the spectrum of the L-stability operator is bounded from below

and their weighted volume have subexponential growth.

1. INTRODUCTION

1.1. Translating solitons. We say a hypersurface ¥ of R"*! is translating soliton (or,

shortly, a translator) of the mean curvature flow if
H= V),

where H is its mean curvature, V is a parallel unitary vector field of R™*!, and v is the
outward normal vector field of . Throughout this work, we will use the convention that
H = trace A, where A(Y)) = Vyv and V is the connection of R"*!. Under this convention,
the mean curvature of the round sphere S"(R) of radius R is n/ R and the mean curvature
of the right circular cylinder S¥(R) x R"* of radius R is k/R.

Translating solitons are known as type II singularities of the mean curvature flow.
Huisken and Sinestrari showed in [22] that if the initial hypersurface is mean convex and

the singularity is of type II, then any limit hypersurface is a convex translating soliton.
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Hamilton [18] proved that any strictly convex eternal solution to the mean curvature flow
where the mean curvature assumes its maximum value at a point in space-time must
be a translating soliton. These hypersurfaces are also known as self-similar solutions of
the mean curvature flow moving by translation, i.e., if ¥ is a translating soliton, then
Y, = X +tV is a solution of the mean curvature flow for all times ¢ € R.

On the other hand, translating solitons can also be seen as critical points of the weighted

/ eV s,
>

under every compactly supported normal normal variation of ¥. Taking the second de-

area functional

rivative, we obtain
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for variations of the form &v, where £ is a smooth function with compact support in X,
where LE = A& + (V,VE) + |A]?. Since L is an elliptic operator, we can consider its
spectrum. Given a bounded domain €2 C X, define the L-index of Q) by

Ind*(Q) = #{negative eigenvalues of L on C°(Q)}

and the L-index of X as
Ind. () := sup Ind*(Q).

Qcxn
The L-index is the maximal dimension of the subspace in C§°(X) such that the quadratic

form
QuE,€) = — / cLeetVax,
>

is negative. Intuitively, this is the maximal dimension of the subspaces in C§°(3) such
that the compact variations decrease the weighted area.
In this subject, Impera and Rimoldi, see Theorem D of [27], proved that a n-dimensional

translating soliton in R"*! with finite L-index has finitely many ends. We prove

Theorem 1.1. If ¥ C R? is a two-dimensional complete translating soliton with finite

L-indez, then X is homeomorphic to C or C\{0}. In particular, ¥ has at most two ends.
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Moreover, for every e € (0,1),

1 1
lim —Q/ |APe®V)dY < 0o and lim 2—Q/ eV Y < oo.
Q—oo € B(eQ) Q—o0 Q € B(eQ)

Remark 1.1. We say that translating solitons with L-index equal to zero are L-stable.

Equivalently, a translating soliton is said L-stable if and only if

i ([ o)
(z,V)

— e dX

dt? 5

for all the compactly supported normal variations. In Theorem C of [27], Impera and

>0
t=0

Rimoldi proved that a complete, L-stable, translating hypersurface of R™™! has at most
one end. For dimension two, the topological classification of complete L-stable translating
solitons was completed by Kunikawa and Saito, see [24], proving that any complete, two-
dimensional, L-stable translating soliton has genus zero. Theorem 1.1 generalizes these

two results for the two-dimensional situation.

Remark 1.2. There are many interesting classification results for two-dimensional translat-
ing solitons in R3. For example, Spruck and Xiao proved in [31] that complete, immersed,
translating solitons with nonnegative mean curvature are convex. Shahriyari in [28] proved
that complete translating graphs in R® are L-stable and there is no complete translating
graph in R3 over a bounded connected domain with smooth boundary. In [21], Hoffman,
[lmanen, Martin, and White classified all complete translating graphs in R3? : they are
the grim reaper surface, the tilted grim reaper surfaces, the bowl soliton and a family of
graphs u® : R x (—b,b) — R, for b > 7/2. We can also mention that Tasayco and Zhou,
see [33], proved that the grim reaper hypersurface is only nonplanar translating soliton
of R? and R* whose weighted integral of |A|* over a geodesic ball has at most quadratic

growth for large radius R.

Inspired by Colding and Minicozzi (see the section 9 of [10]) we can define the bottom
of the spectrum of the elliptic operator L by

— LéelaV) an VEI2 — | A2€2] el V) gy
p1 = inf fgf & —inffEH ¢ |A|*¢7 e

3 fE 526(:1:,\/'}(12 - 3 fE 526(:1:,\/}(12 )

where the infimum is taken over all smooth functions ¢ with compact support in 3. We

prove
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Theorem 1.2. Let 3 C R3 be a translating soliton. If py > —6, for some § > 0 and

1
lim —/ e TVIIY < oo,
Q—o0 eQ B(Q)

then X2 has finite topology. Moreover, for every e € (0,1), it holds

1
lim —Q/ |A2e™ V) du < oo.
@00 €% Jp(=q)

Here, B(Q) is the geodesic ball of ¥ with center in a reference point xo € ¥ and radius
Q > 0.

A immediate consequence of the result above is the following

Corollary 1.1. If a two-dimensional complete translating soliton ¥ C R3 has infinite
topology, then p; = —oo or
1
lim —/ e VY = 0.
Q—o0 GQ B(Q)
Remark 1.3. There are examples of two-dimensional translating solitons with infinite

genus constructed by Nguyen, see [25] and [26].

1.2. Self-expanders. A self-expander of the mean curvature flow is a hypersurface > C
R™*! which satisfies
1

H(l‘) = —§<$, V>>

where H is its mean curvature and v is the outward unitary normal vector field of X.
Self-expanders play an important role in the mean curvature flow. They describe the
asymptotic long time behavior for the flow and its local structure after the singularities
in the very short time. In fact, Ecker and Huisken proved in [13] that the mean curvature
flow exists for all times ¢ > 0 if the initial surface is an entire graph which is “straight” at
infinity in the sense that |(z, )| < C(1 + |Jz|[)!~? for some § > 0 and C' < oo. Moreover,
the flow converges to a self-expander. Later, Stavrou [32] proved the same result under
the weaker hypothesis that the graphical function have an unique tangent cone at infinity.

Self-expanders are also known as self-similar solutions which expands homothetically
under the mean curvature flow in the sense that, if ¥ is a self-expander, then ¥, = Vt%
is a solution of the flow for every ¢ > 0.

Examples of asymptotically conical self-expanders were obtained by Ecker and Huisken

n [13], Angenent, Ilmanen and Chopp, see [3], and by Helmensdorfer in [20]. Recent
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results about self-expanders were obtained, for example, by Cheng and Zhou, see [9], by
Bersntein and Wang, see [5] and [6], Ding, see [12], Deruelle and Schulze, see [11], and
Ancari and Cheng, see [2].

Self-expanders are also critical points of the weighted area functional

[ ez,
2

Taking the second derivative of this functional, we have

L R TR __ ! _ 1Yo ot
e (/26 dE) L /25 [Af—I— §<m, v) + <|A|2 5) 5] etP1dy

- / ¢Lge I dx,
b

where L& = A + %(a:, v) + (]AP — %) &. Since L is an elliptic operator, we can consider
its spectrum.
Analogously it was done for translating solitons, we can also define the L-index for

self-expander. For self-expanders with finite L-index, we have

Theorem 1.3. Let ¥ C R? be a two-dimensional complete self-expander of the mean
curvature flow. If ¥ has finite L-index and there exist § > 1 such that

i Ljjo2

lim —— es I dy < oo,
Q—o0 QZQ B(Q)

then X has finite topology. Moreover, for every e € (0,1) it holds

1
Q= 19 /B(@)

Here, B(Q) is the geodesic ball of ¥ with center in a reference point xq € ¥ and radius
Q > 0.

As an immediate consequence of the result above we have

Corollary 1.2. If a complete two-dimensional self-expander ¥ C R? has infinite topology,

then it has infinite index or

1
lim — 2/ ein”QdE:oo,
Q—o0 ezQ B(Q)

for every 5 > 1.
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We can define the bottom of the L operator for self-expanders by
o D dmgLeei s [ [VEP - (AP - 5) €] edlPaz
et Jy e 0

where the infimum is taken over all smooth functions ¢ with compact support in 3. We

=

?

have, for complete self-expanders, the following result:

Theorem 1.4. Let ¥ C R3 be a two-dimensional complete self-expander of the mean
curvature flow.
(i) If p1 > 1/2, then ¥ is homeomorphic to C or C\{0} and, moreover, if u; > 1/2,
then, for every e € (0,1) and § > 1, it holds

lim L eiHIHQd,u < 00;
Q=0 49 Jp(eq)

(ii) If 1 € (—00,1/2), and there exist f > 1 such that

lim Bl / e%HI”Qd,u< 00;
Q= 39" JpQ)

then X has finite topology;
(iii) In both situations of items (i) and (ii) it holds
1
lim — / |A|Qeﬂx”2d,u < 00.
Q—o0 €ZQ2 B(eQ)
Here, B(Q) is the geodesic ball of ¥ with center in a reference point xo € ¥ and radius

Q > 0.

Remark 1.4. If ¥ is homeomorphic to C\{0} then both limits in items (i) and (iii) are
equal to zero. We can also prove that, if y; = 1/2, then

- 1 a2

lim P esdp < oo;
Q—00 Q?ezQ B(eQ)

for every € € (0,1) and 8 > 1.

As an immediate consequence of the result above we have

Corollary 1.3. If a complete two-dimensional self-expander ¥ C R3 has infinite topology,

then py = —oo or

1
lim —; 2/ einHQdZ:oo,
Q—o0 GZQ B(Q)

for every 5 > 1.
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Remark 1.5. Recently, Ancari and Cheng, see [2], proved some upper bounds for the bot-
tom p; of the L-stability operator of self-expanders. They also proved that the cylinders
[ x R"! where T is a self-expanding curve (which were classified by Ishimura in [23] and
Halldorson in [17]), are self-expanders with p; = "T“ We observe that, for n = 2, these
surfaces are a class of self-expanders which satisfies the hypothesis of item (i) of Theorem

1.4.

Remark 1.6. The results we present here will be proven in the more general setting for f-
minimal surfaces ¥ in three-dimensional weighted Riemannian manifolds (M3, (-,-),e~/)
satisfying

Scal +Hessf (v, v) > k,
for some k € R. Here, Scal is the scalar curvature of M? and Hessf(v,v) is the hessian

tensor of f in M? applied to the unitary normal vector field v of ¥ in M3.

2. PRELIMINARIES

Let ¥ be a Riemannian surface with Gaussian curvature K. Fixed a point o € X, let
r(z) be the Riemannian (intrinsic) distance in 3 from zg to € ¥. Let B(s) be the open
geodesic ball in ¥ of center zy and radius s. Denote by L(s) the length of the boundary
of B(s). This length function is a priori only defined for s € Ry\E, where the set of
exceptional values F is closed, and has Lebesgue measure zero. For ¢t < s, denote for
C(t,s) = B(s)\B(t), where B(t) is the closure of B(t).

Definition 2.1. Let x(B(t)) be the Euler characteristic of the open ball B(t). We set
X(s) = sup{x(B(t))[t € [s,00)}.

The following result is basic and well known. For a more details, we refer to the work

[4] of Bérard and Castillon.

Lemma 2.1. The function X(s) is continuous on the left, nonincreasing from [0,00) to
Z, and with at most countably many discontinuities. Moreover, if {tj}jﬁ:l ={0<t <
ty < -+ <t, <---} is the set of discontinuities, where N € N U {oo}, N = 0, when the
sequence is empty, and N = oo, when the sequence is infinite, then

(i) at each discontinuity t,, n > 1, the function X has a jump

N[ —

Wn = X(tn) - 5(\(75:), Wn € Nawn Z 1;
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(ii) it holds X(s) = 1, for s € [0,t1], and
X(s) =1—= (w14 Fw) <—=(n—-1),
for s € (tp,tni1]-

Remark 2.1. Notice that this sequence depends on the reference point xg.

In the proof of our results we will use following inequalities, which were proved first by
Fiala [14] for the set R, \ £ and were extended to Ry by the work Hartman [19], Shiohama
and Tanaka [29] and [30].

Lemma 2.2 ((Fiala’s inequality)). On the set R,\E, the function L is of class C' and

its extension to Ry satisfies
() L) < 2mx(B(0) - [ Kdx
B(t)
) 10) ~ L) < 1)~ L) < [ L
whenever 0 < a < b, where x(B(t)) is tf(;e Euler characteristic of B(t).

The proof of the following Lemma can also be found in [4].

Lemma 2.3. Let X be a complete Riemannian surface. Let {tn}nﬁz1 be the set of discon-
tinuities of the function X, with jumps wy,, relative to some reference point xy € 3. Let
X(2) be the Euler characteristic of &2, with x(X) = —oo if ¥ does not have finite topology.
Then

N
n=1
We will also need the following consequence of the coarea formula.
Lemma 2.4. For every g : % — R locally integrable,

t
/ gdd = / {/ gds] du,
B(t) —o0 OB (u)

where ds is the length element of 0B(u). In particular,

il
— gdZ] = / gds.
dt [ B(t) 0B(u)

Definition 2.2. Let 0 < R < S. We say that a function & : [R,S] — R is admissible in
the interval [R, S], if
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(i) € is of class C'! and piecewise C? in [R, S];
(i) € >0, € <0and & > 0.

The next lemma uses the ideas of the proof of Theorem 3.4, p. 223 of Gulliver and
Lawson, see [16], see also Lemma 2.2, p.1245 of [4] and Lemma 1.8 p.276, of the work [7]
of Castillon.

Lemma 2.5. Fiz zo € ¥ and let r(z) be the distance to xy in X. Given f : ¥ — R be a
locally integrable function, let F : [0,00) — R be a function such that F(Q) < infpq) f(x).
Then, for every 0 < R < @, and for any admissible function & on [R,Q)],

(2.1)

/ KE(r)2e1ds < e 7@ [2G + 266 L — 27%(R)E| 7 — / (€2)"(r)e~tdx.
cr@ O(r.Q)

Proof. Let

G(t) = /B(t) Kd¥ and H(t) = /tG(u)du.

R
Since f > F(Q) in C(R,Q), we have e < e~ F(@, This gives
/ KE(r)2e fdy < e F(@ / KE(r)2d.
C(R,Q) C(R,Q)
On the other hand, by using the coarea formula (see Lemma 2.4), we have
Q
/ Ke(r)2ds / cop [ Kdsat
C(R,Q)

R S(t)
Q Q
- [ewrawi=g6lf - [ @rca
R R
Q
— £2€FG@_/R (fQ)IH/dt
Q
= e TGlE - @+ [ (@ Ha
R

By using the Fiala’s inequality, see Lemma 2.2, we obtain

H(t) :/ G(u)du < / 27x(B(u)) — L'(u)]du

< 27(R)(t — R) — L(t) + L(R).
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Since ¢ is admissible, then (£2) = 2£¢ < 0 and (£2)” = 2(¢')? + 26¢” > 0. Thus, using
that H(R) = 0,

/ Ke(r)2ds < €G] — (€Y(QR(R)(Q - R) — L(Q) + L(R)]
C(R,Q)

Q Q
T 27%(R) /R (E)"(t)(t - Rydt + L(R) / (&) (t)dt
Q
- / (&) () L(t)dt

= 2G| — 27%(R) (€)' (Q)(Q — R)
+ L(Q)(€)(Q) — L(R)(Y(Q)

Q
2 [@'(@)(@ - <52>'<t>dt]
Q
+ L(R)(€?)(Q) — L(R)(€Y'(R) — /R (€2)"(t)L(t)dt
Q
= a4 (@)L]° - 2mR(R)(E)]C - /R @) L(t)dt
2 / -~ 2 Q @ 2\
— G + (266)L — 2R (R)EY|C / (€)' (1)L (t)dt.
Thus,
Q
/ KE(r)2e 1 ds < e 7@ [ + (26€) L — 27X (R)E |3 — e T@ / (€)"(t)L(t)dt.
C(R,Q) R
By using the coarea formula again and the fact that (£2)”(t) > 0, we have
Q Q
—-F(Q) 2\ — ,—F(Q) 2\
@ [eyonma =@ [ ey [ s
=1 [ (@) ()| Vil
C(R,Q)
— ,—F(Q) 2\ A
e /C €0
> H (e dx.
> /C o V0
The result then follows. ]

Lemma 2.6. Let {t,}_, be the discontinuities of the function X. Define the index N(R)

to be the largest integer n such that t, < R. Let & be an admussible function in the interval
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[R,Q]. If f: ¥ = R is a locally integrable function and F(Q) < infpq) f(x), then

eF(Q)/ KE(r)2e™1ds < [€2G + (€2)/L)| % + 27X (tn () )E(R)?
(RQ)
N(Q)
(2.2) — ) 21wné(ta)’ — 27X(tw()4(Q)?
n=N(R)+1

_F@ / (€)' (r)e—! dx.
C(R,Q)

In particular, if R =0 and assuming that £(Q) = 0, then

(2.3) / KE(r)?e 1ds < 2me™F Z wa(tn)? | — / (&) (r)efdx.
B(Q)
Proof. Applying Lemma 2.5, we have

(@) / Ké(r)?e lde = eF(Q)/ K&(r)?eldy
C(R,Q) C(R, tN(R)Jrl)

4 Z eF@ / K¢(r)e lds
C(tn,tn+1)

n=N(R

+ '@ / KE(r)?e /ds
(tn() Q)

< €26+ 26€'L)|2 — 20X (twir) [E (tviryn)? — E(R)?)
N(@)-1

—2m Z X(t)[E(tns1)? — E(tn)]

n=N(R)+1

— 21X (tn (@) E(Q) — E(tne)’]
_ F(Q) 2\ —fdas.
c /C o E e

Since X(t,) = wp + X(t,_1), we have

N(@)-1

X)) — E(R)? + Z X(tn) [E(tns1)? = E(tn)?]

n=N(R)+1

+ X(tv@) Q) — (tng)’]
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N(Q)-1
= X(tvm)étnm)” = Xna)ER + Y X(ta)E(tnga)”
n=N(R)+1
N(Q)—2
— Y X)) + X(tnv@)E(Q)° = Rltw@)é(tv@))?
n=N(R)
N(@Q)-1 N(@Q)-1
= _S(\(tN(R))g(R)Q + Z ?(tn)g(tn—i—ly - Z X\(tn+1)§<tn+l)2 + S(\(tN(Q))f(Qy
n=N(R) n=N(R)
N(Q)
= —Xtnv@)ER)? = Y [R(tn) = R(ta-1)IE(t)* + X(tn@)E(Q)?
N(R)+1
N(Q)
= —i(f]\f(lﬂz))f(]{)2 - Z wng(tn)Z + X\(tN(Q))f(Q)Z-
N(R)+1

The estimate (2.2) then follows.
U

Definition 2.3. Let (3, (-, -),e™/) be a Riemannian surface with weighted measure e~/d%.
and Aju = ef div(e/u) = Au — (Vf,Vu) be its weighted (drifted) Laplacian, where
A denotes the Laplacian and V denotes the gradient on ¥. If W is a locally integrable
function and a € R, we say that the operator Ay —aK —W is nonnegative if the quadratic

form

20 Qo= [ €188 ake-WgeTds = [ (VeP +aKe + W las
b by
is nonnegative for every £ € C§°(%).

Proposition 2.1. Let ¥ be complete, noncompact Riemannian surface, let f : 3 — R
and W : 3 — R be locally integrable functions, and let F' : [0,00) — R be a function
such that F'(Q) < infp) f(x), where B(Q) is the geodesic ball of ¥ with center at a fived
reference point xy € ¥ and radius QQ > 0. If the operator Ay — alX — W is nonnegative,
then

€F(Q)/ W,f(?”)%ifdz + eF(Q)/ [(2a B 1)(5/(?“))2 T 2af(r)§//(r)]e*fdz
B(Q) B@)
(2.5) N(Q)
+2 né(tn)? < 2mag(0)” + " @ [ W.g(r)%eVdx,
0 ) wnt(t)! < 2ma0 [, wieteye
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for every admissible function with support in B(Q). In particular, if a € (1/4,00) and
taking £(t) = (1 — t/Q)*™ for a > 4a/(4a — 1), we have, for every € € (0, 1),

FQ)
(1—eeF@ [ W_eas 4 af(da — Do — 2a)(1 — e)* 2 / eI ds
B(=Q) Q@ JBeq)
(2:6) N(Q) L 2
+ 27a W, (1 — —n) < 271a + F'@ Woe /ds.
; Q BQ)

Here, W, = max{W,0}, W_ = max{—W,0}, {t,})_, is the set of discontinuities of the

~

function X, w, = X(t;)) — X(t}), and N(Q) is the largest integer n such that t, < Q.

Proof. First notice that W = W, — W_. Applying the inequality (2.4) to the admissible

function £(r(x)) gives

W_g(r)?e™/dE < / (E(r)? +aKe(r)e s+ [ Wig(r)?eds.

B(Q) B(Q) B(Q)

Considering £(Q) = 0 and using (2.3), we have

N(Q)
Wog(r)2etds < / (€ ()2 TS + 2maeF@ [£(0) = 3 wik(t)?
B(Q) B(Q) n=1

—a / (3" (rYe~TdY + W E(r)2edx.
B(@) B(Q)

— 2rac F@e(0)” + / (1 = 2a)(€(r))? — 2a€(r)€" (r)]e ' d5

B(Q)
N(Q)
—27a Z wné(tn)? + W E(r)2edx.
n=1 B(Q)

This proves (2.5). By taking £(r) = (1 — r/Q)%, where a > 1, we have

g(r) = _a <1 _ L) " <0, and ¢"(r) = ale—1) (1 — i>a_2 >0
Q Q T Q? Q T

which implies that ¢ is admissible. Moreover,

(1 - 20)(¢'(r))* — 20€(r)E" (r) = —

SUELIECIY P ) |
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This gives
eF(Q)/ W_ (1—1)2ae_fd2+27mN(ZQ)w (1—t—”>2(l
B(Q) Q — " Q
(2.7) + af(4a — 1)a — 24 Y <1 — L) o e fdy
Q* Jn@ Q
< 2ma + F'@ Wie lds.

B(Q)

(2.7) are nonnegative.

In order to conclude the proof of the proposition, notice that, for every € € (0,1),

2 2c¢
T T
w_ (1 — —> e fdy > W_ (1 — —) e fdy
/B(Q) Q B(=Q) Q

> (1 —¢)* W_e ldx.
B(eQ)

Analogously, since, for r € [0,2Q)], (1—¢)® < (1-r/Q)? < 1if > 0and 1 < (1-r/Q)”
L if 3 <0, we have

(1-e)
F(Q) 20—2 F(Q)
6—2/ (1 - 1) el > (1 - )2 eI dy.
Q B(Q) Q Q B(eQ)

Replacing these two estimates in (2.7) gives

N @
(1 — )2l @ W_e dy + 27ra ( — —n)
B(=Q) = 1 Q

+af(4a — 1)a — 24](1 — £)2*~ ikl / el dy
B(=Q)

< 2ma 4 F'@ Wiee lds.
B(Q)

3. f-INDEX

Let (M3, (-,-),e~7) be a weighted three-dimensional Riemannian manifold. We say that

a surface ¥ immersed in M3 is f-minimal, if its mean curvature satisfies

= (Vf.v),
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where V denotes the gradient of M? and v is the outward unitary normal vector field of

the immersion. Complete f-minimal surfaces are the critical points of the weighted area

/ e fdxn
x

under all the compactly supported normal variations. Taking the second derivative, we

= (L)
— e 1 dX
dt2 \ Js
;:—/gLfge—fdz,
X

for every variation of the form v, where £ : ¥ — R is a smooth compactly supported

functional

obtain

=~ [ €8s+ (AP + Ricy ()l s
t=0 3

function. Here,
Ly& = As&+ (JAP + Ricy(v,v))€

is the L¢-stability operator,
Agé = el div(e TVE) = AL — (V f, VE)

is the weighted (drifted) Laplacian, |A|? is the squared norm of the second fundamental
form of 3, Ric; = Ric + Hessf, Ric is the Ricci tensor of M?, and Hessf is the Hessian
tensor of f in M3. We refer the reader to Cheng, Mejia and Zhou, see [8], to more detailed
discussions and calculations.

Since, Ly is an elliptic operator, we can consider the spectrum of L. In a more general
setting, let L = Ay —W be an elliptic differential operator, where W is a locally integrable

function. Given a bounded domain 2 C X, define
Ind*(Q) = #{negative eigenvalues of L on C°(Q)}
and the f-index of X as

Ind;(X) := Ind"*(¥) = sup Ind"(0).
Qcs
The f-index is the dimension of the maximal subspace of C§°(X) such that the quadratic

form
Qr(&, &) = — / E[AE —WEe Tdy = / [IVEP +WeP] e Tds
> >

is negative. We will need the following result, whose proof is in [1]:
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Proposition 3.1. Let (3, {-,-),e™/) be a weighted complete Riemannian manifold and let
W be a locally integrable function on ¥. Then the operator L = Ay —W has finite f-index
if and only if there exists a locally integrable function P with compact support such that

the operator Ay — W — P is nonnegative.

Now we are ready to present the main result of this section. In the following we will

consider the f-index of the stability operator
Lf = Af + (mf(y, V) + |A’2)
This theorem will the core of the proof of Theorem 1.1 and Theorem 1.3.

Theorem 3.1. If a complete f-minimal surface X of a weighted three-dimensional Rie-

mannian manifold (M3, {(-,-),e=7), for infy f = —o0, has finite f-index and satisfies

(i) Scal +Hessf(v,v) > 0, then X is homeomorphic to C or C\{0};
(ii) Scal +Hessf(v,v) > —6, for some 6 > 0, and

lim eF(Q)/ e 1dY < oo,
B(Q)

Q—00

for some function F : [0,00) = R such that F(Q) < infp) f, then ¥ has finite
topology.

Moreover, in both situations, for every e € (0,1), we have

F(Q)
(3.1) lim eF(Q)/ |Al?e™7dY < oo, and lim € 5 / e 1dY < co.
B(Q) Qo @ Jpeq

Q—oo

Here, B(Q) is the geodesic ball of ¥ with center in a reference point xq € ¥ and radius
Q > 0, Scal is the scalar curvature of M3, Hessf is the Hessian tensor of f in M3, and

v 1is the unitary normal vector field of the immersion.

Proof. Since X has finite index, by Proposition 3.1, there exists a locally integrable func-
tion P, with compact support, such that L; — P is nonnegative. Let us apply Proposition
2.1to Ly — P. Let {t,}"_, be the discontinuities of Y(s). Choose N = N if N < oo and
consider N as any fixed integer if N = co. By taking @ large enough, inequality (2.6)
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gives
1 1 — S
(1 — )%l @ / [—|A\2 + ~(Vf,v)? + Scal +Hessf (v, v) + (5] e~ dx
BQ) 12 2
F(@)
+aBa—2)(1—e)*?—— e 1dy
52) Q* Jpeq

N ¢ 2a
+ QWan (1 — —n)
n=1 Q

<27 +56F(Q)/

e fdy + eF'(@ / Pe fdy.
B(Q)

2

Notice that, since P has compact support and it is locally integrable, then last in integral
in the right hand side of (3.2) is finite. On the other hand, since infy, f = —o0, we have
that limg ., F(Q) = —oco, which implies that limg_,, e£(@) = 0. Therefore,

lim eF(Q)/ Pefdy = 0.
B(Q)

Q—o0

By taking Q — oo and N — N, we obtain

N
E Wy < 0.
n=1

Since w, > 1, we get N < oo. On the other hand, Lemma 2.3, p.8, implies

N
n=1

Therefore, by using these facts and taking the limit when ) — oo in (3.2),

Q—00

1 1 — _
(1—¢)* lim @ / [§|A|2 + §(Vf, v)? + Scal +Hess f (v, v) + 5} e~ dx
B(eQ)

F(Q)
€ el dx

3.3 + a(3a —2)(1 — )**2 lim
(33) (Bo=2)(1 =)™ him T |

<27x(X¥) 46 lim eF(Q)/ e~ ldy.
(oo B(Q)

Since, by hypothesis, the left-hand side is nonnegative, we have

21x(2) 4 6 lim @ / e~ 1dx > 0.
@ B(Q)

—00
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Thus, if 6 = 0, x(X) > 0, which implies that 3 is homeomorphic to C or C\{0}. On the
other hand, if 6 > 0, then

1
x(2) > —— lim eF(Q)/ e 1dY > —o0

by hypothesis, i.e., 3 has finite topology. The inequalities in (3.1) comes from (3.3) and
noticing that each integral in the right hand side of this inequality is nonnegative. ([l
Now, we prove Theorem 1.1 and Theorem 1.3 of the Introduction.

Proof of Theorem 1.1. Since

(z,V) <zl and r(z) = |l =zl = [lz]| — [lzoll
we have
(,V) < r(z) + [zl
This gives
it (Vi) 2 ~Q — o]l = F(@)
By using F(Q) = —Q — ||zo]|, the proof is a direct consequence of Theorem 3.1, item
(1)- O

Proof of Theorem 1.3. Notice that
r(z) = [l = o[-
This gives
r(z)* > ||z — ol
> ([l = [loll)?
= llzlI* = 2ll|ll|zoll + [|zoI*

> (1=n)llz)* + (1 = 1/n)llzo?,
for every n € (0, 1), where in the last inequality we used the Peter-Paul inequality 2ab <
na® + (1/n)b%. This gives

1 1 1
Aol < g @? gl

(1—=n)
ie., for f(z) = —|z||>, we can consider

s

1
F(Q) = —ZQQ + %H%Hz,
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where [ = % > 1. The result then follows by applying Theorem 3.1, item (ii) to this

1
choice of F(Q). O

4. THE BOTTOM OF THE SPECTRUM OF THE STABILITY OPERATOR

Since Ly = Aj+(Ricy(v,v) +|A|?) is an elliptic operator, we can consider the spectrum
of Ly and, inspired in the Colding-Minicozzi article [10], section 9, we can define the

bottom of the spectrum as follows.

Definition 4.1. Let ¥ C (M3 {(-,-),e”/) be a f-minimal surface. We define the bottom
of the spectrum of the L-operator on ¥ by

= péLsgedx [ [IVER = (JA]P + Ricy (v, v))€] e T dE
pq = inf = inf ,
¢ [y&efdE ¢ [y, €2e~1dS

where the infimum is taken over every smooth function with compact support in X.

Since the squared norm of the second fundamental form satisfies
|A]? = H?> - 2(K — K(TX))
= (Vf,N)> = 2K + 2K(T%),

where K (TY) is the sectional curvature of M? at the plane TS, and A ;¢ = e/ div(e=/V¢),
then the Definition 4.1 is equivalent to

0< [ ||veP+ ke — (L1ap + L¥7 Ny + Scal +Hessf (v, v) ) € — é?| e,
/ AR+
>

for every smooth function £ with compact support in X.
The following result, for general f-minimal surfaces, is the core of the proof of Theorem
1.2 and Theorem 1.4.

Theorem 4.1. Let X2 be a complete, f-minimal surface of a weighted three-dimensional
Riemannian manifold (M?, (-,-), e~T) such that infs, f = —oo and Scal +Hessf (v, v) > —6,
for some 6 € R. If the bottom p; of the spectrum of Ly satisfies
(1) py > 0, then 3 is homeomorphic to C or C\{0} and, moreover, if u; > 9, then, for
every e € (0,1), and for every function F : [0,00) — R such that F(Q) < infpq) f,
it holds

lim eF(Q)/ e 1dY < oo;
B(eQ)

Q—o0
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(i) p1 € (—00,6) and
lim eF(Q)/ e fdY < oo
B(Q)

Q—o0
for some function F : [0,00) = R such that F(Q) < infp) f, then ¥ has finite
topology.

Moreover, in both situations, for every e € (0,1) we have

Q—o0

1 -
(4.1) lim ef"@ / {—|A|2 + (Scal +Hess f(v,v) + 6)| e /d% < oo,
B(eQ)

Here, B(Q) is the geodesic ball of ¥ with center in a reference point xo € ¥ and radius
Q > 0, Scal is the scalar curvature of M?, Hessf is the Hessian tensor of f in M3, and

v is the unitary normal vector field of the immersion.
Proof. To prove item (i), let us apply Proposition 2.1 to

1 1 — S —
W=— <§|A|2 + §<Vf, v)? + Scal +Hessf (v, v) + Ml)

1 1 — S —
=— (§|A|2 + §<Vf, v)? + Scal +Hessf (v, ) + 8 + (uy — 5)) :
By using the hypothesis, we obtain that W, = 0. Using inequality (2.6), we have

(1 —g)2 e @ /

1 1 = S
(—|A\2 + ~(Vf,v)* + Scal +Hessf (v, v) + ,u1> e 1dy
B(=Q) \?2 2

oF(Q) ; N(Q) " 20
+aBa—2)(1 —e)* ?—r e du+ 2w Wy (1 — —n) < 2.
Q2 B(eQ) ; Q

Choose N = N if N < oo and consider N as any fixed integer if N = oco. By taking Q

large enough and taking () — oo, we obtain

1 1 =
(1 —¢)* lim 7@ /B( o <§!A|2 + §<Vf, u)2> e ld%

Q—o0

(4.2) +(1—¢)* lim " /B( 0 (Scal +Hess [ (v, v) + 6 + (11 — 8)) e/ d%

Q—oo

B0 21— i [ g ey
+a3a—2)(1 —¢)*** lim / e ldpy+2r Yy w, <2m.
Qoo @ Jp(eq)

n=1

Since all the terms in the left hand side are nonnegative, taking N — N, we obtain that

N
an <1.

n=1
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Using that w, > 1, thus N = 0 and ¥ is homeomorphic to C or N =1, w; = 1 and ¥ is
homeomorphic to C\{0}. On the other hand, if 4y > §, then, by (4.2),

(1—¢)**(uy — ) lim eF(Q)/ e~ fdY < o
@ B(Q)

This concludes the proof of item (i). In order to prove item (ii), we apply Proposition 2.1

to

1 1 = S
W=- (§|Al2 + §<Vf, v)? + Scal +Hessf (v, v) + ul)

- _ (%|A[2 + %(Vf, v)? + (Scal +Hess f (v, v) + 5)) + (5 — ).

Here, unlike item (i), W, = 0 — uy > 0. By using the hypothesis and inequality (2.6), we

have
1 1 — S
(1-— 5)20‘6F(Q)/ (§|A|2 + §<Vf, V)2 + Scal +Hess f (v, v) + 5) e~ dx
B(eQ)
(4.3) (=21 — ey / Y +2 % (1 tn)m
. + a(3a — — )Tt — e dp+ 2w wy | 1——=
@ Jreq) ~ Q

<21+ (6 — puy)eF @ / e dY < co.
B(Q)

Choose N = N if N < oo and consider N as any fixed integer if N = oco. By taking Q

large enough and taking () — oo, we obtain

N
an < o00.
n=1
Since, by the Lemma 2.3,
N
n=1

we have that x(X) > —oo, i.e., 3 has finite topology. The finiteness of the integral (4.1)
comes directly from the estimates (4.2) and (4.3). O

Remark 4.1. In the limit case that p; = § we still can prove that

(@
(4.4) lim — / e dy < 0.
Q-0 Q* Jp)

This is an immediate consequence of the estimate (4.2).
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Remark 4.2. If ¥ is homeomorphic to C\{0}, then both limits in (4.2) and (4.3) are equal
to zero. In fact, if C\{0}, then

1 1 =
(1 —¢)% lim '@ / (—|A|2 + —(V/, V>2) e~ fdx
Qvoo Be@) \2 2

Q—o

+ lim @ / [Scal +Hessf(v,v) + 6 + (1 — 6)] e /dZ
B(eQ)

(3a —2)(1 — )2 ] eF(Q)/ T <0
+ o(3a — — )7 “ lim e Tdu <0,
Q-0 Q% Jprg

which implies that all the limits are equal to zero.

A translating soliton is a f-minimal surface for the weight f(z) = —(x, V). Since
f(z) = —(z, V) is not necessarily bounded from below, in the next we will use Theorem

4.1 to prove Theorem 1.2 of the Introduction:

Proof of Theorem 1.2. Tt is an immediate consequence of Theorem 4.1, item (ii), and
(4.1), by taking F(Q) = —Q — ||xo|| and 6 = 0. O

A self-expander is a f-minimal surface for f(z) = —;|z||>. As a particular case of

Theorem 4.1, we obtain the proof of Theorem 1.4:

Proof of Theorem 1.4. The proof of item (i) comes from item (i) of Theorem 4.1 by taking
d = 1/2. The proof of item (ii) follows by applying Theorem 4.1, item (ii) choosing

F(Q) = —=5Q% + ZFHzol?, B > 1, and for § = 1/2. In its turn, item (iii) is a direct
consequence of (4.1) using our choice of F(Q). O
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