Stability of hypersurfaces with vanishing r-mean
curvatures in euclidean spaces

Hilario Alencar , Manfredo do Carmo and
Maria Fernanda Elbert

Abstract. Hypersurfaces of euclidean spaces with vanishing r-mean curvature gen-
eralize minimal hypersurfaces (case » = 1) and include the important case of scalar curva-
ture (r = 2). They are critical points of variational problems and a notion of stability can
be assigned to them. When their defining equations are elliptic, we obtain a criterion for
stability of bounded domains of such hypersurfaces that generalizes a known theorem of
Barbosa and do Carmo for stability of minimal surfaces.

1. Introduction

The goal of this paper is to generalize the following result. Let x: M> — R> be an
orientable minimal surface and D = M be a domain with compact closure and piecewise
smooth boundary. Let g: M — S? < R? be the Gauss map of x.

Theorem A ([BAC], Theorem 1.3). Assume that the area of g(D) = S} is smaller than
the area of a hemisphere of S?. Then D is stable and the estimate is sharp.

A first generalization is as follows. Let x: M3 — R* be a hypersurface with scalar
curvature H, = 0 (this generalizes the above notion of minimal surface). We will say that
D < M3 is a regular domain if it has compact closure and piecewise smooth boundary. Let
g: M? — S} be the Gauss map of x and let D = M? be a regular domain in M.

We recall that hypersurfaces x: M3 — R* with H, = 0 are critical points of the func-
tional [ H dM for all variations compactly supported in D (see [Re], [Ro] or [BC]). Thus
D

the notion of stability for such hypersurfaces makes sense (see details below) and we can
ask for a condition to ensure that a regular domain D = M be stable. Surprisingly enough,
the condition is essentially the same as for a minimal surface.

Theorem 1.1. Assume that M is orientable, that the Gauss-Kronecker curvature Hs is
nowhere zero and that the area of g(D) = S is smaller than the area of a hemisphere of S;.
Then D is stable and the estimate is sharp.
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Compared with Theorem A, Theorem 1.1 has one additional condition, namely that
H3 is nowhere zero. If Hj is allowed to be identically zero, then we can find an example
(discussed later in 3.9) for which the above theorem is false. Hence, some condition on Hj
is required. See, however, the question 4.2 in the last section of this paper.

Theorem 1.1 is but a particular case of a series of similar results for hypersurfaces

x: M" — R"™! with H,_; =0. Such hypersurfaces are critical points of the functional

| H,_>dM for variations compactly supported in D. Thus the notion of stability makes
D
sense, and the following theorem holds for regular domains D in M. Let

g: M — S} < R"!
be the Gauss map of x.

Theorem 1.2. Assume that M is orientable, that the Gauss-Kronecker curvature H, is
nowhere zero and that the area of g(D) is smaller than the area of a hemisphere of S{'. Then
D is stable and the estimate is sharp.

The proof of Theorem 1.2 works equally well for a more general situation. To state

this more general result, we need a few definitions. Let x: M” — R"*! be a hypersurface
and consider the elementary symmetric functions S, of the principal curvatures of x:

So=1, S= > ki...ki 1=r=n), S=0 (r>n).

i1 <<y

The r-th mean curvature H, of x is defined by

S, = (”)Hr.
r

It is known that (see e.g. [Re], [Ro] or [BC]) H,1; = 0 iff M is a critical point of the integral
A, = [ S,dM for compactly supported variations of M.
M

From now on, unless explicitly stated, we assume that A is orientable.

To describe the Jacobi equation of such a critical point, it is convenient to introduce
the Newton transformations defined inductively by

Py=1, P.=S1I-BP_;.
Here I is the identity matrix and B, is the linear map of 7,M, p € M, associated to the
second fundamental form of x. We then introduce a second order differential operator L,

that will play, in the present case, a role similar to that of the Laplacian in the minimal
case:

(1) Li(f) = div(BVf),
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where Vf is the gradient of f in the induced metric. Notice that L, agrees with the Lap-
lacian. Finally, the Jacobi equation can be written as

2) Tf € Lif — (r +2)Sy2f =0,

where f is the normal component of the variation vector field. Although Ly = A is always
elliptic, some conditions are necessary to ensure that L, is elliptic. This is contained in a
recent work of Hounie-Leite ((HL1], Corollary 2.3) and can be stated as follows:

Assume H,;y = 0. Then L, is elliptic iff rank(B) > r.

Thus, the hypothesis that H, is nowhere zero ensures that L, is elliptic. By (1), the fact
that L, is elliptic is equivalent to the fact that P, has all its eigenvalues positive or all its
eigenvalues negative.

We will denote by 6;(r) the eigenvalues of +/P.B when P, is positive definite and the
eigenvalues of v/—P,B when P, is negative definite.

Assume that H,;; = 0, and let D = M be a regular domain. We say that D is r-stable

r

. .\ . d? . .
if the critical point is such that < ) > 0, for all variations with compact support
=0

dr?

. d*4 1= . . . .
in D, or < dﬂr) < 0 for all such variations. This unusual definition requires some dis-
=0

: : . iy L d>4,
cussion that will be presented in a moment. If the critical point is such that ( dﬂ’) >0
=0

24,
for some variation with compact support in D and <72') < 0 for some other variation
of the same nature, we say that D is r-unstable. =0

We now justify our definition of stability. In the minimal case, L, is the Laplacian
that is elliptic and can be defined so that the matrix of the coefficients of its principal part is
either positive definite or negative definite; once one of these choices is made, we can stick
to it to the rest of our investigation. In the present case, however, L, = div(P.Vf) depends
on the hypersurface and, even when it is elliptic, the symbol can be either positive definite
or negative definite and no definite choice can be made once and for all. This is related to
the fact that 4, = [ S, dM is not necessarily positive like 4y. To circumvent this difficulty,

D

we could proceed as follows. If r is odd and L, is elliptic for a critical point, we could, by
choosing orientation, assume A, to be positive for that critical point. This follows from
Lemma (2.3)(ii) in Section 2 of this paper, i.e., if L, is elliptic, S, is always positive or
always negative. When r is even, L, is elliptic and P, is negative definite, we could change
the variational problem into —A,. These choices, besides leaving aside the non-elliptic case,
are somewhat artificial.

Our definition of stability is more adequate to the present problem. When L, is elliptic
and P, is positive definite it gives the usual notion of minimum. When L, is elliptic and P,
is negative definite, no minimum can exist and the maximum is the natural substitute for
it; this is equivalent to looking for the minimum of the new variational problem —A4,. A
moment’s reflection shows that this agrees with the content of the Morse Index Theorem
which applies to the case H,; = 0 when rank(B) > r yielding, for each compact set, a finite
number of variations that give maxima, when P, is positive definite, and a finite number of
variations that give minima, when P, is negative definite.
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We need a final definition before stating our main result. We say that a hypersurface
x: M" — R" is r-special if

S5l
> 07 (r)
j=1

= constant.

Theorem 1.3. Let x: M" — R™ ! be an r-special immersion with H,,1 = 0 and H, £ 0
everywhere. Let D = M be a regular domain and g: M — S| be the Gauss map of x. If the
area of g(D) is smaller than the area of a spherical cap C. < S}’ whose first eigenvalue for the
spherical Laplacian is t, where

T = max ( i 9,-2(r)/9,-2(7)>,
i,D J:l
then D is r-stable.

v —P,_»B) satisfy Hiz = —S,. Thus

The estimate of Theorem 1.2 is a simple corollary of Theorem 1.3, because, as we will
show in Lemma 2.4, under the condition H,_; = 0, the eigenvalues 6; of /P, ,B (or of

hence the immersion is (n — 2)-special. Furthermore

_ 202\ _ _ Q) —
T—ng%x<;0j/6i>—ng%x( nS,/—Sy) = n,

hence the spherical cap C; = C, is a hemisphere of S|, and this shows what we claimed.
That the estimate of Theorem 1.2 is sharp will be shown in Section 3.

Remark 1.4. Although it is conceivable that there exist examples of r-special hyper-
surfaces with H,.; = 0 and H, #+ 0 everywhere, other than those of Theorem 1.2, we have

not yet found them. The point of Theorem 1.3 is that it is not necessary that |S,|/>" 67(r)
be 1/n. It can be any constant and the proof works equally well.

Remark 1.5. As we will show in the proof of Theorem 1.3, we can prove a little
more, namely we can replace the condition that area g(D) < area C; by the condition area
g(D) < area C;.

We can also prove an instability result:

Theorem 1.6. Let x: M" — R™! be an r-special immersion with H,.; = 0 and H,, = 0
everywhere. Let D = M be a regular domain and g: M" — S| be the Gauss map of X.

Assume, in addition, that g restricted to D is a covering onto g(D). If the first eigenvalue of
g(D) for the spherical Laplacian is smaller than y, where
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then D is r-unstable.

The following corollary is immediate from the considerations after Theorem 1.3. It
generalizes a result of Schwarz for minimal surfaces (see [BAC], Theorem 2.7).

Corollary 1.7. Let x: M" — R"' be a hypersurface with H, | =0 and H, %0
everywhere. Let D = M be a regular domain and let g: M" — S| be the Gauss map of X.
Assume, in addition, that g restricted to D is a covering map onto g(D). If the first eigenvalue
of g(D) for the spherical Laplacian is smaller than n, then D is r-unstable.

Remark 1.8. There are many examples of hypersurfaces x: M" — R""! with H, =0
and H, + 0 everywhere. For instance, all rotation hypersurfaces with H, = 0 (see [HL] or
[P1]) have this property. Also, in the hypersurfaces x: M**! — R**2 that are invariant by
0(p+1) x0(p+ 1) and have H, = 0, in most cases, H, = 0 only at one (compact) orbit,
and any domain D = M that does not meet such orbit satisfies H,, + 0 everywhere; the case
r =2 is fully treated in [P2] (p = 1) and [Sa] (p > 1).

We want to thank M. L. Leite for asking one of us if a result similar to Theorem 1.1
would be true. Thanks are also due to Walcy Santos for many discussions on this subject,
and to the referee for various useful remarks.

2. Preliminaries

Let W be an n-dimensional Riemannian manifold and let D < W be a regular domain
in W. Let us denote by C;° (D) (respectively C°(D)) the set of smooth functions which are
zero on 0D (respectively with compact support in D).

We now recall some properties and results concerning the first eigenvalue of an
elliptic, self-adjoint, linear differential operator 7: Cj°(D) — C*(D) of second order.
Elliptic means that the matrix of the coefficients of the principal part of T is either positive
definite or negative definite; for convenience, we assume here that this matrix is positive
definite. We recall that the first eigenvalue 4] (D) of T'is defined as the smallest A that sat-
isfies

(3) T(g) + Ag =0,

for some nonzero function g € Cy° (D). A nonzero function ¢ in Cj°(D) that satisfies (3) for
4 = A[ is called a first eigenfunction of 7 in D.

Lemma 2.1. [f D and D' are domains in M with D = D' then i (D) = A[ (D') and
equality holds iff D = D’.

For a proof see [Sm|, Lemma 2 and notice that 7 satisfies the unique continuation
principle (see [A]).



206

Lemma 2.2.

—[fT(f)dM
/11T(D):inf W;feHl(D);f$0 )
D

where H' (D) denotes the Sobolev space over D.

For a proof, see [Sm|, Lemma 4(a). For the definition of H'(D), see [Sm], proof of
Lemma 2.

Let ey, ey,...,e, be orthonormal eigenvectors of B corresponding, respectively, to the
eigenvalues ki, ks, . . ., k,. We represent by B; the restriction of the transformation B to the
subspace normal to e; and by S,(B;) the r-symmetric function associated to B;. The proof
of the following lemma can be found in [BC], Lemma 2.1.

Lemma 2.3. Foreach 1 £r <n—1, we have:

(i) P(e;)) = Sy(Bi)ei foreach 1 <i < n.

(ii) trace(P,) = és,(gi) — (n—1)S,.

M=

(iii) trace(BP,) = > kiS,(B;) = (r+1)S,41.

1

n
(iv) trace(B>P) = Y k2S:(B;) = S1Sr+1 — (r +2)Sp42.
i=1
The following lemma has been used in the Introduction.
Lemma 24. Let S,_1 =0. Then 0?(1/) = -8, forr=n-—2.
Proof. In fact, we have by definition
0=358,-1= kiSnf2(Bi) +Su-1 (Bz)
and thus, by Lemma 2.3 (i), we obtain, for r = n — 2,
07 (r) = kS,—2(B;) = ki(=Sy—1(B))) = =S,. O
When working with minimal immersions one uses variations vanishing on the
boundary 0D of a regular domain D. We now explain why we use variations with support
in D, rather than variations vanishing on 0D, when describing the variational problem
associated to the immersions with vanishing » + 1-mean curvature. Denote by X a variation
oX
ot

field along x(D) and denote by v the unit normal field along x(0D) tangent to x(D). The
formula for the first variation of the functional

of D and let E = be its variational vector. Set f = {E, N), where N is the unit normal
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1S

Ay (0)(f) = [[=Si1]fdM + |<E,v)ds,

D oD
A,0)(f) = b”—(7'+ DSralf dM + AJL")KPrflVf, V) + SKE, v)lds, rz 1.

Here Vf is the gradient of f, ds is the element of volume of dD. Notice that to eliminate the
boundary term when r = 0 it is enough to assume that the variation fixes the boundary.
However, to do the same when r = 1, we need an additional condition, namely Vf|,, =0
or {Vf,P_1v)|,p, = 0. Thus, it is convenient to consider variations with support contained
in D, and, for unification purposes, we will do that even when r = 0.

We can use Stokes Theorem and the self-adjointness of P. to see that L, is self-
adjoint. Thus we can define a bilinear symmetric form by

1.(f,9) = —ffT

and it can be proved that
A70)(f) =L(f, )

Definition 2.5. We say that D is r-stable if L.(f, f) >0 for all f e C¥(D) or if
L(f,f) <0 for all feC”(D). We say that D is r-unstable if there exists a function
feCL(D) such that L(f,f) <0 and there exists a function ge CJ°(D) such that

1,(9,9) > 0.

Remark 2.6. Along the paper we will work with the case that P, is positive definite
and will make some comments for the case that P, is negative definite at appropriate places.

Because of Lemma (2.3)(iv) and the fact that S, = 0, we can rewrite 7, as
T, = L, + trace(B>F,) = L, + ||/P.B|*,

where

IVEB|? 202 (r)-

The following lemma has been proved in [T] for r = 1. Except for the fact that we
must consider two cases, according to the positivity (or negativity) of P., the proof below is
similar to that of [T]. We included it here for completeness.

Lemma 2.7. The following statements are equivalent:

(i) 3f e CX(D) such that I.(f, f) < 0.
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(i) 3f € CX(D) such that I.(f, f) < 0.

(i) 3f € C°(D) such that I.(f, f) < 0.

Proof. (i) = (ii): Suppose (i) is true and (ii) is not true. Then, /.(g,g) = 0 for all
g € C¥(D) and there exists a nonzero function f € C(D) such that L(f, f) =0. Let ¢
be a real number. Since /, is bilinear and ,(f, /) = 0, we have for g € CZ (D) and for all

t that

2
L(f+tg,f +tg) =2tL(f,g) + 1* (I,l(g, g)) )
But I,(f +1tg9,f +1tg) =0 for all real z and then we must have I.(f,g) =0. Thus,
L(f,g) = 0 for all g € C¥ (D), which implies that 7,(f) = 0. Since f has compact support,
it vanishes on an open set and then, by the unique continuation principle (cf. [A]), f = 0 on
D, a contradiction.
(iii) = (ii): Let f be the function in the statement of (iii). Set
Dg = {p € D;dist(p,0D) > R}.

For R small enough, Dy is a domain with smooth boundary. Let ¢z € C (D) be such that

¢r = 11n Dg, |Vég| <2/Rin D and 0 < ¢ < 1 in D. Define g = ¢, f. Using Stokes The-
orem we have

L(f, f) = bf VFLPYfYdM + g ((r+2)Sps2)f2aM

and
Ir(gag) - Ir(fﬂf) = b[{(¢122 - 1)[<Vf7 Prvf> + ((r+ 2)Sr+2)f2] + 2f¢R<Vf7PrV¢R>

+ 2V g, PrV¢R>} dM.
The function under the integral is zero in Dg and we claim that it is bounded independently

of R on D\Dg. Then taking R small enough, we see that I,(g,g) < 0 and this proves the
proposition. We have then to prove the claim. By using the positivity of P, we can see that

(¢r — D[V BV + ((r+2)S042) 7] S [(r+2)Srialf2

The Cauchy-Schwarz inequality yields

21 $r<Vf PBVGRY> + 2 Vg, V> < 2| f||Vf||P] | Vgl
+f2|P| Vgl

Finally, we use that |f| < R sup |Vf| in D\ Dg, which is a consequence of the Mean Value
D

2 .
Theorem, and that |Veg| < R to obtain
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2 2
214U D) -+ 1V, B> = 4 sup 571 B+ 412 (sup 971

D D

Thus the claim is proved.
All the other implications are trivial. []

Remark 2.8. According to our convention, we have assumed P, to be positive defi-
nite. If P, is negative definite, the first estimate above becomes

(1= GRS, =PV = (r+2)Spi2f ) < [PV + |(r + 2)Sri2l 7,
all the other estimates remaining the same. Thus, the same conclusion holds.

Since we are supposing that the Gauss Kronecker curvature H, = det(B) is nowhere
zero, the Gauss map is an immersion; hence it can be used to define a new Riemannian
metric § on M by setting

S(X,Y)=<(BX,BY), X, YeT(M),
where ¢, > denotes the Riemannian metric induced in M by R"*! and T(M) is the tangent

bundle of M. Notice that the metric § is the pull-back by the Gauss map of the metric of the
sphere. Thus, the sectional curvature of the metric § is one.

Let Vf denote the gradient of £ in the metric <, > and Vf denote the gradient of 1 in
the metric §. We have the following lemma.

Lemma 2.9. For any smooth function f on M, we have Vf = B*Vf.

Proof. Letve T(M). If df denotes the differential of f, we have, by using the self-
adjointness of B, that

Vf, vy =df (v) = 5(Vf,v) = (BVf, Bvy = <B*Vf,v)

and then Vf = B2Vf. [

3. Proofs
3.1. Proof of Theorem 1.3. We will need a few facts from Linear Algebra. Let V" be
a vector space with a positive definite inner product {,)» and let 4 =V — V be a self-

adjoint linear map. Then it is easily checked that the norm |4| of A4, namely

|4 = sup{|AX|; X e V,|X]| =1},
X

is given by |A4| = max|/;

, where /;, i = 1,...,n, is an eigenvalue of A4. It follows that

471 = max(1/]2).
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VPB
IVEB|’

Now, set V =T,M, A = and let p vary in D to obtain

1 1
max |47'|* = max <max—2> = max -
D D VN iD )

Since 4; = 0;/ > (9]-2, we conclude that
J

2

22 1 VP.B -
@ T:%"<]Z@/9">:“3%X73:m3" VEBl) |

Now we will go into the proof proper and will use an idea of Fischer-Colbrie and
Schoen [FC-S]. Actually, we will prove a slightly stronger theorem, namely if the area
of g(D) is smaller or equal than the area of a spherical cap C; whose first eigenvalue for
the spherical Laplacian A is 7, then D is r-stable. Assume that area g(D) < area C,. Then,
since symmetrization of domains in the sphere does not increase eigenvalues, we obtain that
the first eigenvalue 4, (g(D)) of g(D) satisfies 41 (¢(D)) = 7. Let f be the first eigenfunction
of g(D), thatis, f > 0in g(D), f = 0in d(g(D)) and f satisfies

Af +f =0.

Let u = f o g be defined in D = M and consider in M the pull-back metric 5. With
this metric, g: M" — S} is a local isometry and u satisfies again Au+ Aju = 0. Since
det(dg) + 0, we have that g(int D) < int(g(D)), where int( ) denotes the interior of the
enclosed set; it follows that u > 0 in (the open set) D. (Notice that # may be positive in
parts of 0D so A; is not necessarily the first eigenvalue of D.)

Since u > 0 in D and Au + Z1u = 0 we can use [FC-S], Corollary 1, to conclude that
the first eigenvalue of the operator A + A; is nonnegative, that is,

inf <Dj([?h]z — h?) dS) >0,

where the infimum is taken over all C¢°(D) functions that satisfy [4?dS = 1; here V is the
D
gradient, | ] is the norm of a vector, and dS is the volume element in the metric §. Since

A1 = 1, we obtain

inf< [([Vh]> — <h?) dS> > 0.

h D
Observe now that dS = |S,|dM. But the immersion is r-special, hence

2
|Sul = cllv/ BB,

where c is a positive constant. It follows that
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inf<j(Wh]2 - fh2)> c|\/BB|*dM = 0.
D

h

Now, by using (4), we obtain that for any vector X = T, M,

X = Knggn) L@éﬂzé [nwjzf;r

Thus
0<in <[j) (IVh)? = eh®)e|/P.B|)? dM)
*/_BVh B||* — h*¢||\/FB|* dM)
(g o VB 1 EB)
= inf rc<b|"([ﬁ36h]2 — |\/P.B|*h?) dM).

|I/\

By Lemma 2.9, Vi = B-2Vh, where V is the gradient in the original metric. Further-
more P, commutes with B and the norms of vectors in these two metrics are related by
[X] = |BX|, with obvious notation. We finally obtain that

(5) 0<1c ir11f< [([V/P-BVH* — ||\/P.B|*h?) dM)
= 1c i%f(gq\/ﬁvmz — |V/P.B|*1?) dM).

Since the Jacobi operator is
T,u = div(P.Vu) + ||/ P.B|*u

the above inequality means that the first eigenvalue of the Jacobi operator 7, in D is non-
negative. This implies that 1.(h,h) = 0, for all he C°(D). By Lemma 2.7, this is equi-
valent to the fact that I.(h,h) > 0, for all h e C*(D), that is, D is r-stable as we wished to
prove. []

Remark 3.3. If P, is negative definite —FP, = Q, is positive definite. Since, in this
case,

/0Bl Z 07 (r),

it is easily seen that we can replace ||/2.B||* by ||v/O,B||* throughout the above proof. In
this case, the operator 7, becomes
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Tou = div(P,Vu) + trace(P,B*)u

= —{div(Q,Vu) + trace(Q,B*)u}.

Then inequality (5) with ||\/O,B|*> means that the index form I, is negative definite in
CZ (D). Thus, according to our definition, D is r-stable.

3.4. Proof of Theorem 1.6. Let again A; be the first eigenvalue and f be the first
eigenfunction of g(D) for the spherical Laplacian; thus f > 0 on g(D), / =0 in d(g(D))
and Af + 41/ = 0 in g(D). Since g restricted to D is a covering map onto g(D), we have
that g(0D) = d(g(D)). Thus u = f o g is positive in D, u = 0 in D and Au + u =0 in D.
By Stokes Theorem,

0= lj)"([Vu]z — Ju?)dS > lj)"([%}z — y?)e||\/PB||* dM,

where in the last inequality we have used that A; < y and that the immersion is r-special.

By using the definition of y and proceeding as in the proof of Theorem 1.3, we will
obtain that

1max[ \/EBT
y 0 VBB

and that

VEBXT 1
[le/FrBll] <, BT

It follows that

0> ng —yu)e|| /B B|* dM

1\

= 12
g@%— yu2>c||ﬁ-3||2dM

= e VBBV ~ | VR BI) dM
= e (V/EVul = IVEBI%) d.

Therefore, there exists a u € C;°(D) such that I,(u,u) < 0. By Lemma 2.7, this is equivalent
to the fact that there exists u € C°(D) such that I.(u,u) < 0, that is, D is r-unstable as we
wished to prove. []

Remark 3.5. An argument similar to that of Remark 3.3 applies here.

Remark 3.6. It follows from the proof that we can drop the condition on the
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restriction g|D being a covering map if we replace the condition on the first eigenvalue of
g(D) by a similar condition on the first eigenvalue of D. Namely, the following statement
holds: If the first eigenvalue of D for the Laplacian A in the pull-back metric is smaller than
y, then D is r-unstable. Of course, the same remark applies to Corollary 1.7.

3.7. Proof that the estimate of Theorem 1.2 is sharp. We first recall that the support
function ¢ = (x, N of a hypersurface x: M" — R""! with S,,; = const. satisfies (see [Ro],
last equation on p. 227)

Ly + (SlSr+1 —(r+ Z)Sr+2)(ﬂ =—(r+1)S41.

Here N is a unit normal vector and x is any position vector. In the situation of Theorem
1.3, r+1=n-1, S, =0, and the above equation becomes

Lp—(r+2)S,p=0.
But this means that ¢ satisfies the Jacobi equation (2).

Next, we look into the classification of rotation hypersurfaces x: M" — R""!' with
Sy+1 = 0 (see [HL2] or [P]). Following [HL2], we choose x| as the rotation axis and let the
profile curve be given as a positive function x,,; = f(x;); here (xy,...,x,41) are coor-
dinates in R"*!. It is shown that f is a convex function, symmetric relative to the axis X, .
For case x: M3 — R* with S, = 0, the profile curve is a parabola: f(x;) =1 + (x1)*/4. In
all other cases x: M" — R"*! with S,_; = 0 the profile curve behaves like a parabola and
goes to infinity with x;; more precisely,

n—1
f(x1) = Clxi = (1+0(x[h),  |xi] — oo,

where C is a positive constant.

From the above facts, we conclude that Lindelof’s method to obtain conjugate boun-
daries of a rotation minimal surface ([L]) works equally well in our case. For completeness,
we will present here a brief description of this method. Given a point p on the profile curve
C, we draw the tangent line 7 to C at p and let 0 be the intersection of ¢ with the rotation
axis. From 0 we draw another tangent ¢, to C that touches C at the point ¢. The boundaries
B and B, generated by p and ¢ as C goes about the rotation axis are easily seen to be
conjugate boundaries: just take the support function ¢ = {(x, N), the position vector x
having 0 as origin and notice that the Jacobi field p N vanishes on B; and B, and nowhere
else in the region of M bounded by them.

By the same argument used in [BdC] for minimal surfaces, we can see that, by
choosing appropriately B; and B,, an unstable domain of a rotation hypersurface with
S,_1 = 0 can be obtained whose spherical image has area that is larger than the area of a
hemisphere H of S|" and is as close as we wish to this area. Thus the estimate is sharp.

Remark 3.8. We owe the referee the following interesting observation. The rotational
3-hypersurface with vanishing scalar curvature, whose profile curve is f(x) = 1 + (x%/4), is
a time-symmetric ¢ = 0 slice of the 3 + 1 dimensional Schwarzschild metric for a static non-
rotating black hole of mass 1/2.



214

3.9. Example. We now describe an example of an unstable domain D in a hyper-
surface x: M3 — R* with S, =0, S; =0 and area g(D) = 0. This was mentioned in the
Introduction and shows that some condition on the zeroes of S; are necessary for the va-
lidity of Theorem 1.1.

Let X1, x2, X3, X4 be coordinates in R* and let M3 be a cylinder over a curve ¢(¢) in the
plane x3x4, that is, M is generated by a plane P;, parallel to the plane x;x,, that displaces
itself along the curve ¢(z).

Choose an orthonormal frame e, e;,e3,e4 along M with ej, e, in the plane P, e3
tangent to ¢(#) and e, normal to M. Then k| = k, = 0, k3 is the curvature of ¢(¢) and

Tif = Lif =383 = L f = div(PVf).

Since P; = S1I — B we obtain that the eigenvalues of P; are k3, k3, 0. Thus for D =« M
and f with compact support in D we have

(6) —[fTifdM = — [ fdiv(P\Vf)dM = [{P\Vf,Vf>dM
D D D

— gk3|<Vf>P,|2dM

where we have used that Vf* =} fie; and denoted by (Vf),, the projection of Vf over P,.

Choose now a domain D < M bounded by two parallel planes P, , P, and by the
intersections of P, ¢ € [t1, ;] with the planes x; = x; = 0 and x; = x, = & (a cylinder with
height /). Assume that k3 has one single zero in [, #;] where it changes sign. Assume fur-
ther that an orientation has been fixed so that

‘[HdMZ ‘[k3dM>0
D D

and choose [ so that its support is contained in that part of D where k3 < 0. Then, by (6)

I(f,f):—nglfdM<0.

Of course, by choosing f so that its support is contained in the part of D where k3 > 0, we
obtain that I(f, f) > 0.

Thus D is unstable and it is easily seen that this fact does not depend on the chosen
orientation. Since M7 is a cylinder, the spherical image of D has area zero, and yet Theo-
rem 1.1 does not hold in this example. Notice that we can choose the curve ¢(¢) so that the
example is graph over the 3-space x1, X2, Xx3.

4. Comments and questions

4.1. The proof of Theorem 1.3 works equally well if we consider H,; = const > 0
rather than H,,; = 0. However, in order to make sure that L, is elliptic, we must introduce
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the additional assumption that there is a point p € M such that all principal curvatures at
p are positive. (See [BC], Proposition 3.2. The Proposition is stated for compact hyper-
surfaces; the compactness, however, is only used to ensure the existence of a point where all
principal curvatures are positive.) In this case, P, is always positive definite and the Jacobi
equation is again

T.f = Lf + [VPBf =0,

Further details on the variational problem for H,,; = const can be found in [BC], [Re] or
[Ro].

The main issue here is that we have not been able to obtain explicit examples (except
the round sphere) of r-special hypersurfaces with H,,; = const > 0. To find out such exam-
ples might be an interesting question.

4.2. It is not clear what is the weakest assumption that we must set on the zeroes of
H, for the validity of Theorem 1.3. As we have seen in Example 3.9, if H,, is identically zero
the theorem does not hold (the example was worked out for » = 3 but a similar construction
can be made for an arbitrary n). We believe that the following is true: If the set of zeroes of
H, has codimension = 2 in M", and is contained in D, then Theorem 1.3 holds.

4.3. Probably the most interesting question about Theorem 1.2 is to determine which
complete hypersurfaces x: M" — R"*! with H,_; = 0 are stable (that is, each of its domain
is stable). Let us look into the case n = 3, where we have some examples. If in Example 3.9
we take the base curve ¢(¢) to have curvature k3(¢) > 0, then we have an example of a
complete stable M3 < R*; however, if k3 changes sign, we have shown that M3 is unstable.
In analogy with the case of a complete minimal surface in R*, where minimality plus sta-
bility imply that the Gaussian curvature vanishes, we can ask whether the stability of a
complete x: M? — R* with H, = 0 implies that Hj; is identically zero, or, more generally:
are the stable complete x: M" — R"™ with H,_; = 0 contained in the class of hypersurfaces
that have both H,_; = 0 and H, = 0? If this is the case, we should be able to extract all
stable hypersurfaces from the above class.

We have reasons to believe that the following conjecture is true: there exists no com-
plete stable x: M" — R with H,_, = 0 and H, %= 0 everywhere.

4.4. Let M"'(6) be a space of constant sectional curvature J, § <0, and let
x: M" — M"1(5) be an r-special hypersurface with H,,; =0 and H, # 0 everywhere.
Then our proof of Theorem 1.3 works to show that if the first eigenvalue of the Laplacian
A1 of D = M", in the metric , ) defined at the end of Section 2, satisfies A; > 7, where
is defined in Theorem 1.3, then D is r-stable. We have only to observe that the Jacobi
operator is now L, + ||v/P.B||* + d trace P.. Of course, a theorem like Theorem 1.2 (where
we replace the condition on the area of g(D) by the condition that A;(D) > n) also holds,
although we do not know if the estimate is sharp.

By the same token, our proof of Theorem 1.6 works to show that, in the above
situation, but with 6 > 0, if 1;(D) <y, and y is defined as in Theorem 1.6, then D is
r-unstable.
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The question here is whether one can estimate A, (D) in terms of say, [ H,dM, or
D

some other geometric invariant associated to D. Probably it will be necessary to estimate
the sectional curvature of M in the metric €, ». For that, one might use the expression
obtained for this sectional curvature in ([dCD], Theorem 1.2 (iii) and Remark (1.5)); in low
dimensions, this should be manageable. A further question is to extend Theorem 1.3 to the
case 0 > 0.

(A
[BAC]
[BC]
[dCD)
[FC-S]
[HL1]
[HL2]
(L]
[P1]
[P2]
[Re]

[Ro]
[Sa]

[Sm]
[T]

References

A. Aronszajn, A unique continuation theorem for solution of elliptic partial differential equations or
inequalities of second order, J. Math. Pures Appl. 36 (1957), 235-249.

J. L. Barbosa and M. P. do Carmo, On the size of a stable minimal surface in R, Amer. J. Math. 98
(1976), 515-528.

J. L. Barbosa and A. G. Colares, Stability of hypersurfaces with constant r-mean curvature, Ann. Global
Anal. Geom. 15 (1997), 277-297.

M. do Carmo and M. Dajczer, Necessary and sufficient conditions for existence of minimal hypersurfaces
in spaces of constant curvature, Bol. Soc. Bras. Mat. 12, 2 (1981), 113-121.

D. Fischer-Colbrie, R. Schoen, The structure of complete stable minimal surfaces in 3-manifolds of non-
negative scalar curvature, Comm. Pure Appl. Math. 33 (1980), 199-211.

J. Hounie and M. L. Leite, The maximum principle for hypersurfaces with vanishing curvature functions,
J. Diff. Geom. 41 (1995), 247-258.

J. Hounie and M. L. Leite, Uniqueness and non-existence theorems for hypersurfaces with H, = 0, Ann.
Global Anal. Geom. 17 (1999), 397-407.

L. Lindelof, Sur les limites entre lequelles le caténoid est une surface minimale, Math. Ann. 2 (1870),
160-166.

O. Palmas, Complete rotation hypersurfaces with Hj constant in space forms, Bol. Soc. Bras. Mat. 30
(1999), 139-161.

O. Palmas, 0(2) x 0(2)-invariant hypersurfaces with zero scalar curvature, Arch. Math. 74 (2000),
226-233.

R. Reilly, Variational properties of functions of the mean curvature for hypersurfaces in space forms,
J. Diff. Geom. 8 (1973), 465-477.

H. Rosenberg, Hypersurfaces of constant curvatures in space forms, Bull. Sc. Math. 117 (1993), 211-239.
J. Sato, 0(p + 1) x 0(p + 1)-invariant hypersurfaces with zero scalar curvature, Ann. Acad. Bras. Ci. 72
(2000), 109-115.

S. Smale, On the Morse index theorem, J. Math. Mech. 14 (1965), 1049-1056.

M. Traizet, On the stable surfaces of constant Gauss curvature in space forms, Ann. Global Anal. Geom.
13 (1995), 141-148.

UFAL, Departamento de Matematica, 57072-970 Maceid, AL, Brasil

IMPA, Estrada Dona Castorina 110, 22460-320 Rio de Janeiro, RJ, Brasil
e-mail: manfredo@impa.br

UFRYJ, Instituto de Matematica, Cx. Postal 68530, 21941-590 Rio de Janeiro, RJ, Brasil



