STABLE HYPERSURFACES WITH CONSTANT SCALAR
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ABSTRACT. We obtain some nonexistence results for complete noncompact
stable hypersurfaces with nonnegative constant scalar curvature in Euclidean
spaces. As a special case we prove that there is no complete noncompact
strongly stable hypersurface M in R* with zero scalar curvature S2, nonzero
Gauss-Kronecker curvature and finite total curvature (i.e. f,, |A[®> < +00).

1. INTRODUCTION

In this paper we study the complete noncompact stable hypersurfaces with con-
stant scalar curvature in Euclidean spaces. It has been proved by Cheng and Yau
[CY] that any complete noncompact hypersurfaces in the Euclidean space with con-
stant scalar curvature and nonnegative sectional curvature must be a generalized
cylinder. Note that the assumption of nonnegative sectional curvature is a strong
condition for hypersurfaces in the Euclidean space with zero scalar curvature since
the hypersurface has to be flat in this case. Let M™ be a complete orientable Rie-
mannian manifold and let  : M™ — R"*! be an isometric immersion into the
Euclidean space R™*! with constant scalar curvature. We can choose a global unit
normal vector field N, and the Riemannian connections V and V of M and R+,
respectively, are related by

VxY = VxY + (A(X),Y)N,
where A is the second fundamental form of the immersion, defined by
A(X) = —-VxN.
Let Aq,..., A\, be the eigenvalues of A. The r-mean curvature of the immersion

in a point p is defined by
1 1
He=—7 Y A, = 75 S,

n " n

("‘) 11 <. <% (T)
where S, is the r-symmetric function of the A\i,...,\,, Hy = 1 and H, = 0, for
all > n+ 1. For r = 1, Hy = H is the mean curvature of the immersion, in
the case r = 2, Hs is the normalized scalar curvature, and for r = n, H, is the
Gauss-Kronecker curvature.
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It is well-known that hypersurfaces with constant scalar curvature are critical
points for a geometric variational problem, namely, that associated to the functional

(1) Ay (M) = /M Sy dM,

under compactly supported variations that preserve volume. Let M be a hyper-
surface in the Euclidean space with constant scalar curvature. Following [AdCE],
when the scalar curvature is zero, we say that a regular domain D C M is stable
if the critical point is such that (djlél )t=0 > 0 for all variations with compact sup-
port in D, and when the scalar curvature is nonzero, we say that a regular domain
D C M is strongly stable if the critical point is such that (dji;;‘l)t:o > 0, for all
variations with compact support in D. It is natural to study the global properties of
hypersurfaces in the Euclidean space with constant scalar curvature. For example,

we have the following open question (see 4.3 in [AdCE]).

Question 1.1. Is there any stable complete hypersurface M in R* with zero scalar
curvature and nonzero Gauss-Kronecker curvature?

We have a partial answer to Question [T}

Theorem A (see Theorem BIl). There is no complete noncompact stable hyper-
surface M in R™™ with zero scalar curvature So and 3-mean curvature S3 # 0
satisfying

B ST
(2) R1—1>r-§r-loo R2?

where Bg is the geodesic ball in M.
When Sy = 0, S? = |A]? we have

Corollary B. There is no complete noncompact stable hypersurface M in R* with
zero scalar curvature So, nonzero Gauss-Kronecker curvature and finite total cur-
vature (i.e. [, |A]* < +00).

We remark that Shen and Zhu (see [SZ]) proved that a complete stable min-
imal n-dimensional hypersurface in R"*! with finite total curvature must be a
hyperplane. The above corollary can be seen as a similar result in dimension 3 for
hypersurfaces with zero scalar curvature.

We also prove the following result for hypersurfaces with positive constant scalar
curvature in Euclidean space.

Theorem C (see Theorem [B2). There is no complete immersed strongly stable
hypersurface M™ — Rt n > 3, with positive constant scalar curvature and
polynomial growth of 1-volume; that is

[5. S1dM
lim —&——
R—o0 R»

where By is a geodesic ball of radius R of M™.

< 00,

As a consequence of the properties of a graph with constant scalar curvature, we
have the following corollary:

Corollary D (see Corollary [1]). Any entire graph on R™ with nonnegative con-
stant scalar curvature must have zero scalar curvature.
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This can be compared with a result of Chern [Ch], which says any entire graph
on R™ with constant mean curvature must be minimal. It has been known by a
result of X. Cheng in [Che] (see also [ENR]) that any complete noncompact stable
hypersurface in R"*! with constant mean curvature must be minimal if n < 5. It
is natural to ask that any complete noncompact stable hypersurface in R**! with
nonnegative constant scalar curvature must have zero scalar curvature.

It should be remarked that Chern [Ch| proved that there is no entire graph on
R™ with Ricci curvature less than a negative constant. We don’t know whether
there exists an entire graph on R™ with constant negative scalar curvature.

The rest of this paper is organized as follows: we include some results and
definitions which will be used in the proof of our theorems in Section[2l The proof
of main results are given in Section 3, and Section 4 is an appendix in which we
prove some stability properties for graphs with constant scalar curvature in the
Eucildean space.

2. SOME STABILITY AND INDEX PROPERTIES
FOR HYPERSURFACES WITH Sy = const.

We introduce the r’th Newton transformation, P, : T,M — T,M, which is
defined inductively by
Py 1,
P.= S I—AoP._q, r>1

The following formulas are useful in the proof (see [Re], Lemma 2.1):

(3) trace(P,) = (n—r1)S,,
(4) trace(Ao P,) = (r+1)S,41,
(5) trace(A?o P,) = 518,11 — (r+2)S,1o.

From [AdCC] we have the second variation formula for hypersurfaces in a space
form of constant curvature ¢, Q7*!, with constant 2-mean curvature:
A
T;\tzo :/ (P1(V]), Vf>dM—/ (8185 —3S3+c(n—1)S,)f2dM, VfeC>(D).
D D

Definition 2.1. When S5 = 0 and ¢ = 0, M is stable if and only if
(7 [N Ina =z [ sipam
M M
for any f € C°(M). One can see that if P, = 0, then S3 = 0 and M is stable.
When S5 = const. # 0, M is stable if and only if
/ (P(V[),Vf)dM > / (5192 — 355 + c(n — 1)S1) f2dM,
D D
for all f € C°(M) and fM fdM = 0. We say that M is strongly stable if and only
if the above inequality holds for all f € C°(M).

Similar to minimal hypersurface we can also define the index I for hypersurfaces
with constant scalar curvature. Given a relatively compact domain 2 C M, we
denote by Ind 1(Q) the number of linearly independent normal deformations with
support on ) that decrease A;. The indez of the immersion is defined as

(8) Ind* (M) := sup{Ind ' (Q) ’ QO C M, Q relatively compact}.
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M is strongly stable if Ind ' (M) = 0. The following result has been shown in [EI].

Lemma 2.1. Let M™ — Q" be a noncompact hypersurface with Sy = const. > 0.
If M has finite index, then there exists a compact set K C M such that M \ K 1is
strongly stable.

For hypersurfaces with constant mean curvature, do Carmo and Zhou [dCZ]
proved that

—n+1 . . . .
Theorem 2.1. Let o : M" — M be an isometric immersion with constant
mean curvature H. Assume M has subexponential volume growth and finite index.
Then there exists a constant Ry such that

H S _mM\BRO (N)7

where N is a smooth normal vector field along M and Ric(N) is the Ricci curvature
of M in the normal vector N.

The technique in [dCZ] was generalized by Elbert [El] to prove the following
result:

Theorem 2.2. Let x : M™ — Q(c)"*! be an isometric immersion with Sy =
const. > 0. Assume that Ind*M < oo and that the 1-volume of M is infinite and
has polynomzial growth. Then c is negative and

SQ S —C.

In particular, this theorem implies that when ¢ = 0 the hypersurfaces in the
above theorem must have nonpositive scalar curvature.

3. PROOF OF THE THEOREMS

When Sy = 0 we know that |S1|? = |A|?. Thus, if S5 # 0, we have that |A]? > 0.
Hence S; # 0 and we can choose an orientation such that P; is semi-positive
definite. Since

|v/PLA|? = trace(A% o Py)
= _3537

then, when ¢ = 0, M is stable if
) [ ewn.vna = [ |VRAR£a
M M

for any f € C°(M).
When S; = 0, we have the following inequality, which is essentially due to Cheng
and Yau [CY] (see also Lemma 4.1 in [AJCC] or Lemma 3.2 in [Li]):

(10) IVA|? — VS ]2 > 0.
In the following lemma, we characterize the equality case in some special case.

Lemma 3.1. Let M"™(n > 3) be a nonflat connected immersed 1-minimal hyper-
surface in R"* 1. If [VA|? = |VS1|? holds on all nonvanishing points of |A| in M,
then each component of M with |A| # 0 must be a cylinder over a curve.
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Proof. To prove our lemma we recall the computations in [SSY]. Choose a frame
at p so that the second fundamental form is diagonalized. We have |A|? = > hZ
and

th]k |V|AH2

4,5,k
=[O )OO h2w) =0 hishipr)? 1O i)™
i, stk ki ij
1
=5 Z (hijhsie — hsthijr)®| A2
i,7,k,s,t
1
=5 | 22 (hiihar = hashie)” + D Jh3,(0 Y b | A7
_i,l@s,t s k i#j
1
(11) = 5 Z hnhssk hsshuk 2 |A| 2 +2Zh“] Z hz]k
'L,k,s i#£] i#7,j#k,i#k

The right hand side of the above equation is nonnegative and zero if and only if all
terms on the right hand side of the last equation are zero. Suppose x : M — R"**+!
is the 1-minimal immersion. Since M is not a hyperplane, then |A| is a nonnegative
continuous function which does not vanish identically. Let p be such a point such
that |A|(p) > 0. Then |A| > 0 in a connected open set U containing p. The equality

in (I0) implies
hjji = O, fOI‘ all j # ’i,
hii =0, for all j #4,5 # k,k #1,
hiihssk = hsshiika fOf all i, S, ]{)

So we have hj;; = 0, for all j # ¢, and from the last equation we claim at most one
1 such that h;y; # 0. Otherwise, without the loss of generality we assume hy17 # 0
and h222 7é 0; we have hllhggk = h22h11k for all k. This 1mphes hll = h22 =0
by choosing k£ = 1,2. Using the third formula again we have h;;hi11 = h11hj;1 for
j=3,...,n. Hence hj; =0 for all j = 3,...,n, which contradicts |A| # 0.

We now assume hi11 # 0; by continuity we can also assume hi; # 0. From the
last line of the above equation, we have hi1hgs1 = hgghi11 for s # 1. Hence hggs =0
for all s # 1. This implies that M is a cylinder over a curve. (]

We are now ready to prove

Theorem 3.1. There is no complete noncompact stable hypersurface in R™+1 with
So =0 and S3 # 0 satisfying

lim —fBR S

R—+o00 R2 - O

Proof. Assume for the sake of contradiction that there is such a hypersurface M.
From Lemma 3.7 in [AdCC]|, we have

(12) LS = |VA|2 — |VS1‘2 + 35155.
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Since for any ¢ € C°(M),
/M<P1<v<¢sl>>, V(6S)))dM
- / (PL((V$)S1 + 6V S1), (V§)S1 + ¢V Sy)dM
M

- / (PL(V), V)S3dM + 2 / (PL(V), VS1) 65, dM
M M

+/ ¢*(P1(V5S1), VSy)dM,
M
using ([I2)) we have

/ ¢251(\VA|2—\V51|2)dM:/ (L1Sy — 35153)¢?S1dM
M M
:—/ <P1(V51),V(¢281)>dM—/ 38302 SZdM
M M

_ / $(P(VS)), VSy)dM — 2 / (PL(V6),VS))6S1dM
M M

— / 38302 SZdM
M

- /M<P1(V<¢Sl>>, V(6S)))dM + / (P1(V), V(6))S2dM

M

— / 38302 SZdM
M
< [ (Pi(v0).Vo)stan
M
<(n-1) [ |voPstan,
M

for any ¢ € C°(M). Here we have used the stability inequality (7)) in the seventh
line and we use the following consequence of (@) in the last inequality:

(13) (n=1)81|Ve|* > (P1(V), V).

We can choose ¢ as

p(x) =

1, on Bp;

M_Tf(w)a on Bag \ Br;
0’ on M\BQR.

Thus from the choice of ¢ we have S;(|VA|? —|VS1|?) = 0. Therefore the elipticity
of L; implies L1557 = 351S53. From Lemma[31] M must be a cylinder over a curve,
which contradicts S3 # 0. The proof is complete. O

The following lemma is of some independent interest, and we include it here
since its second part is useful in the proof of Theorem

Lemma 3.2. Let M be a complete immersed hypersurface in Q7% with positive

constant scalar curvature So > —%c and Sy # 0.
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1) If M is strongly stable outside a compact subset, then either M has finite
1-volume or

1
R—+o00 R2 Br
2) If M is strongly stable, then
1
R—+o00 R2 Br

In particular M has infinite 1-volume.

Proof. We can assume that there exists a geodesic ball B, C M such that M\ Bg,
is strongly stable. That is,

(14) /M(315*2 — 383 +c(n—1)8y)f2dM < /M<P1(Vf), Vf)ydM,

for all f € C°(M \ Bg,)-
Now, since Sy > 0, we have (see [AACR], p. 392)

H,Hy > H3
and
Hy > H)?.
-1 —1(n—2
By using S; = nH;, So = %Hg and S3 = %Hg, we obtain that
-2
(n )5152 > 353;
that is,
(n—2)
(15) —-353 > — - S155.
We also have that
s N 95, 1/2
n — \nn-1) ’
which implies
1/2
2n 1/2
(16) 5> (n_l) e

By using inequality (I3) in (I4]), we obtain that

/ (5152 2 St e(n— 1)51> F2M < / (PL(V ), VF)dM;
M M

n

that is,
/ (32 + M) Suf2an < / (PL(Vf), V f)dM.
y 2 2
By using ([I3]), we obtain that
(n—1) / 81|V f2M > / (PL(V f), ¥ f)dM.
M M

Therefore, there exists a constant C' > 0 such that

(17) /M S1|Vf|2dM > C/M Sy f2dM.
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1) When M is strongly stable outside Bg, we can choose f as

r(x) — Ro, on Bryt1 \ Bry;

J@) =] Srempni o et PRt
w, on BaryRrot1 \ BRiRo+1;
0, on M\ BaryRro+1,

where r(z) is the distance function to a fixed point. Then

1 /
2
R Bar+Ro+1\BR+Ro+1

If the 1-volume is infinite, we can choose R large enough such that

c / S1dM > / Sy dM:
BRryRg+1\BRgy+1 Bry+1\BR,

i 1
1m —
R—+oo R2

Bry+1\Br, Briro+1\BRro+1

hence

BartRro+1\BR+Ro+1

2) When M is strongly stable we can choose a simpler test function f as

1, on Bp;
fz) = me@T(I), on Bag \ Br;
0, on M\ Bag,
which implies that when S; # 0,
1
lim — S1dM = +oo.

2
R—+x R Bar

The proof is complete. O

Theorem 3.2. There is no complete immersed strongly stable hypersurface M™ —
R, n > 3, with positive constant scalar curvature and polynomial growth of
1-volume; that is,

Jg. S1dM
lim —&——
R—o00 R™
where By is a geodesic ball of radius R of M™.

< 00,

Proof. Suppose that M is a completely immersed strongly stable hypersurface
M™ — R n > 3, with positive constant scalar curvature. From Theorem 2]
it suffices to show that the 1-volume [, S1dM is infinite, which is part (2) of
Lemma [3.21 O

4. GRAPHS WITH S5 = const. IN EUCLIDEAN SPACE

In this section we include some stability properties and estimates for entire
graphs on R™ which may be known to experts but may not be easy to find a
reference for. Using these facts we give the proof of Corollary 1l Let M™ be a
hypersurface of R"*! given by a graph of a function u : R® — R of class C>°(R").
For such hypersurfaces we have:
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Proposition 4.1. Let M™ be a graph of a function u : R™ — R of class C*°(R™).
Then

(1) If So = 0 and Sy does not change sign on M, then M™ is a stable hyper-
surface.
(2) If M has So = C > 0, then M™ is strongly stable.

Proof. Consider f : M — R a C* function with compact support and let W =
1+ |Vu|?. In order to calculate (P1(Vf),Vf), write g = fW. Thus

(PUVILVS) = (VD) VGD)

1 1 1 1
= <P1(QVW + ng),gv(w) + va

= (WPI(Vi) + 1-Pi(V9).gV() + V)
— PRV Vi) + AUV ) V)

+ %(Pl(Vg),V%> + %(Pl(Vg),Vg%

By using the fact that P, is selfadjoint, we have
(18)
1 1

(PL(VI). V) = ¢ (P (T 55),

1

g 1
2 <P1(VW),VQ>+W2

W> W (P1(Vyg),Vg).

On the other hand, if {eq,...,e,} is a geodesic frame along M,
. 1
le(ngI(vW))

= Y (Ve (F9P(V i)

e;)

= ;U%H(V%) + fi9P1(V%) + ngei(Pl(v%»

= S Ua(PT ) + FigtPHT ) e0) + Sg(Ve (P (V) e

w

Since f = i, we get

w

f,_ ,i+ i .
z_ng g W i7

that is,

1 o (1
gfi = 99i; +9 (W>Z

1
= Joitg® (W)

?
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Hence,
aiv(f9PA(V 1))
= D USR(TVp) e + o+’ () (T} + fala)
=Y I+ (i) T e} + SomaGp)
:2f<P1(V%),Vg>+92<P1(V%) V() + fola(7)
=20 (VL PV + ¢ (V). V() + W),
Thus,
(19)
2L (Vo PUV) = div(gPU(V ) — 2P (V1) V() = PW L ().
Now, by using ([I9) in equation ([I8]), we get
(LY ), ) = div([gPi (V) = PW L) + 5 (P(V), V).

Now, the divergence theorem implies that

[ @nna—- [ pwipans [ i), vaan

Choose the orientation of M in such way that S; > 0. Since S? — |A|? = 2S5 > 0,
we obtain that S; > |A|. Thus, (P1(Vg),Vg) = S1|Vg|? — (AVg,Vg) > (51 —
|A])|Vg|? > 0, which implies that

(20) /M<P1<Vf>, Vf)dM > /M FAW L ()M,

When S; is constant, we will use the following formula proved by Reilly (see [Rel,
Proposition C):

1 1
Li(7) = Li({N, ent1)) = = (5152 = 353) (N, ent1) = — (5152 = 353) 37,
where N is the normal vector of M and e,1; = (0,...,0,%1), according to our
choice of the orientation of M.
Thus,

/(Pl(Vf),Vﬁsz/ (5155 — 353) f2dM
M M

for all functions f with compact support. Hence M is stable if S; = 0 and strongly
stable in the case So # 0. O

Remark 4.1. We would like to remark that the operator L; need not be elliptic in
the above proof.

Proposition 4.2. Let M™ be a graph of a function u : R™ — R of class C*°(R"™),
with S1 > 0. Let Br be a geodesic ball of radius R in M. Then

S1dM < C( )

RYL
Bon 1-0
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where C(n) and 0 are constants, with 0 < 6 < 1. In particular, / S1dM has
M

polynomial growth.

Proof. Let f : M — R be a function in C5°(M), that is, a smooth function with
compact support. Observe that

div (f%) = fdiv (%) + <Vf, %> )

where W = /1 + |Vu|?. By using the fact that Sy is given by S; = div (%), we

have that

(21) /M FS1dM = /M fdiv (%) dM = — /M <Vf, %> dM.

Now, choose a family of geodesic balls Br that exhausts M. Fix 0, with 0 < § <
1, and let f : M — R be a continuous function that is one on Byg, zero outside By
and linear on Bg \ Byggr. Therefore, from equation (ZI)) we obtain

(55

[Vl

S1dM < fS1dM S/

BQR BR BR

By using Cauchy-Schwarz inequality and the fact that <1, we get that

1 1
SdMS/ VfdMS/ ———dM < ——vol(Bg).
Bor ' Br ‘ | B, \Bgr (1 - H)R (1 - H)R ( R)

We observe that since M is a graph, if Qg = {(21,...,Zp41) E R"-R < 2,41 <
R; /2?4 .-+ 22 < R}, then
VO](BR) S / 1dl‘1 .. .dl‘n+1 = C(H)Rn+1
Qr

Hence,
C(n)
1-6

S1dM < R". g

Bor mVOI(BR) -

We have the following corollary of Theorem

Corollary 4.1. Any entire graph on R™ with nonnegative constant scalar curvature
must have zero scalar curvature.

Proof. Suppose for sake of contradiction that there exists an entire graph with
So = const. > 0. Such a graph is strongly stable; and if S; > 0, we get that
S? = |A]? + 2S5 > 0, we obtain that S; does not change sign, and we can choose
the orientation in such a way that S; > 0. Thus the graph has polynomial growth
of the 1-volume. Thus we have a contradiction with Theorem Therefore it
follows that S, = 0. O
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