Stability and geometric properties of constant weighted
mean curvature hypersurfaces in gradient Ricci solitons
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Abstract In this paper, we study stability properties of hypersurfaces with constant weighted
mean curvature (CWMC) in gradient Ricci solitons. The CWMC hypersurfaces generalize
the f-minimal hypersurfaces and appear naturally in the isoperimetric problems in smooth
metric measure spaces. We obtain a result about the relationship between the properness
and extrinsic volume growth under the assumption of a limitation for the weighted mean
curvature of the immersion. Moreover, we estimate Morse index for CWMC hypersurfaces
in terms of the dimension of the space of parallel vector fields restricted to hypersurface.
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1 Introduction

In many problems in geometric analysis, it is natural to consider a Riemannian manifold
—n+1 . _ R . _ .

(Mn , 8) endowed with a measure e fdp that has a smooth positive density e I with
respect to the Riemannian measure du induced by the metric g. A smooth metric measure

space is a triple

M= g e ).
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The smooth function f : M — R is called the potential function.

The smooth metric measure spaces arose in the study of diffusion processes on manifolds
in the works of Bakry and Emery [1]. A natural extension of the Ricci tensor in this new
context is the Bakry-Emery Ricci tensor given by

Ric; =Ric+ V' f.

=2 .. . . . —ntl .
where V™ f is the Hessian of the potential function f on M " 1tis known that a complete

. —n+1 . = .
smooth metric measure space M Y; satisfying Ricy > kg, for some constant k > 0, is not
necessarily compact. In fact, the shrinking Gaussian soliton

2

x|
<Rn+] > §can, e_de)

. I~ 1 . . . . .
is noncompact complete and Ric s = 5 Zcan, Where gean is canonical metric. The shrinking
cylinder soliton

k n+1—k e
(S ST X R ,g,e 4 d9dx>
. . . . 2 — .
with product metric g, potential function f (6, x) = %, 0 e Sk s ¥ e Rk g

. = 1
another example of a noncompact complete smooth metric measure space with Ricy = Eg
The gradient Ricci solitons are natural generalizations of the Einstein metrics and were

. . . . —n+1 .
introduced by Hamilton in [13]. Indeed, a complete smooth metric measure space M '}+ is
a gradient Ricci soliton if there exists a real constant k& such that

Ric, = kg.

If £ > 0, the gradient Ricci soliton is called shrinking soliton. When the potential function
is a constant, the gradient Ricci solitons are simply Einstein metrics. It is still important to
mention that gradient Ricci solitons play an important role in Hamilton’s Ricci flow and they
correspond to self-similar solutions and often arise as type I singularity models, see [12].

—n+1 . .. . . . . .
Letx: M" — M f be an isometric immersion of a Riemannian orientable manifold M"

. . —n+1 . — . .
into smooth metric measure space M r} . The function f: M — R, restricted to M, induces

a weighted measure e fdo on M. Thus we have an induced smooth metric measure space
M} =M, g, e fdo).
The second fundamental form A of x is defined by

AX,Y)=(VxYV):, X, YeT,M, peM,

where L symbolizes the projection above the normal bundle of M. The weighted mean
curvature vector of M is defined by

Hy=H+ V)"

and the weighted mean curvature Hy is such that Hy = —Hyn, where H = trA and n is
unit outside normal vector field. The hypersurface M is called f-minimal when its weighted
mean curvature vector H vanishes identically; when there exists real constant C such that
Hy = C, we say that the hypersurface M has constant weighted mean curvature (CWMC).
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The weighted volume of a measurable set 2 C M is given by
Vol (£2) = / e/ do. (1
2

Let Brﬁ be the geodesic ball of M with center in a fixed point 0 € M and radius > 0. It is
said that the weighted volume of M has polynomial growth if there exists positive numbers
a and C such that

Vol s (BM n M) < Cr® @)

for any r > 1. When o = n in (2), M is said to have Euclidean volume growth.
We can consider either f-minimal or CWMC hypersurfaces in gradient Ricci solitons.
We would like to point out that a self-shrinker to the mean curvature flow is a f-minimal

X 2
hypersurface of the shrinking Gaussian soliton <IR"+1, Zean» e’%dx) In [7], Cheng and

Zhou proved that for f-minimal hypersurfaces in the shrinking Gaussian soliton R"*!, the
conditions of proper immersion, Euclidean volume growth, polynomial volume growth, and
finite weighted volume are equivalent to each other. Those equivalences are still being valid
for f-minimal hypersurfaces immersed in a complete shrinking gradient Ricci soliton M ¢
satisfying Ric f= % g, where g is Riemannian metric and f is a convex function (see [6],
Corollary 1). In this direction, the following result was obtained:

Theorem 1 Let M" be a complete hypersurface isometrically immersed in a complete
smooth metric measure space M 1}1

(i) If[Hy| < oo and Vol s (M) < oo, then M" is proper.

(ii) IfRTCf = %g, f € C®(M) is convex function,

sup(Hf,gf) < 00,
xeM

and M" is proper, then Vol f (M) < oo and M" has polynomial volume growth.
Let L?(e~fdo) be the space of square integrable functions on M with respect to the

measure e~/ do and with the norm
1

2
lul, 2 = </ uze_fda) .
G o

It is known that the weighted Laplacian operator Ay, defined by
Afu = Au — (V f, Vu),

is associated with e~/ do as well as A is associated with do. Moreover, A  is a self-adjoint
operator on L2(e~/do), and therefore, the L2(e~/do) spectrum of Ay on M, denoted by
o(—=Ay),is asubset of [0, +-00).

Next, let F: (—¢e,e) x M — Mf, Fr(p) = F(t, p) forallt € (—¢,¢) and p € M be a
variation of the immersion x associated with the normal vector field un, where u € C2°(M).
The corresponding variation of the weighted area functional <7y (t) = Vol y (F;(M)) satisfies

A}(0) = /M Hyue ' do, 3)

where Hy is such that Hy = — H 7. The expression (3) is known as first variation formula.
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The f-minimal hypersurfaces are critical points of the weighted area functional. Yet,
the CWMC hypersurfaces can be viewed as critical points of the weighted area functional
restricted to variations which preserve the enclosed weighted volume, i.e., for functions
u € C°(M) which satisfy the additional condition

/ ue fdo = 0.
M

For such critical points, the second variation of the weighted area functional is given by
SO == [ {udu+ (AP +Ries(r.m) v?) do
’ M

where Ric 7 is the Bakry-Emery Ricci curvature and A is the second fundamental form. For
more details, see [1], [6] and [17].

Remark 1 When f is a constant function, the first and second variation formula were given
by Barbosa and do Carmo [2] and Barbosa, do Carmo, and Eschenburg [3].

The operator
Ly =Af+|AP +Rics(n, )

is called the f-stability operator of the immersion x. In the f-minimal case, the f-stability
operator is viewed as acting on .# = C2°(M); in the case of the CWMC hypersurfaces, the
[ -stability operator is viewed as acting on

F = {u € C®(M); / ue do = 0} .
M
Associated with L ¢ is the quadratic form

Ir(u,u) = —/ uque_fda.
M

For each compact domain £2 C M, define the index, Ind 7 (£2), of Ly in §2 as the maximal
dimension of a subspace of .% where I is a negative definite. The index, Ind s (M), of L s
in M (or simply, the L r-index of M) is then defined by

Indf (M) = sup Indf$2,
’ Qcm

where the supreme is taken over all compact domains £2 C M. We highlight that Ind s (M)
is the Morse index of the operator L  in f-minimal hypersurfaces. For more details, see [8]
and [11].

Let M C R"*! be a proper, non-planar, two-sided hypersurface satisfying

Vol (M) <00, H = %(x, n) + C and Indy(M) < n,

where H is the mean curvature, x is the position vector of R”*1, 5 is the unit normal field of the
hypersurface, Ind s (M) is the L r-index and C is areal constant. McGonagle and Ross ( [15],
Theorem 5.6) showed that there exists a natural number i such thatn+1—Ind (M) <i <n
and M = My x R’. In addition, they obtained Ind ; (M) > 2.

It is important to mention that the properness hypothesis can be removed of Theorem 5.6
of [15]. In fact, by Theorem 1, part (i), the finite weighted volume implies in the properness
of its immersion.
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Next, we obtain an estimate for L 7-index of a CWMC hypersurface with finite weighted
volume and isometrically immersed in a gradient Ricci soliton that admits at least one parallel
field globally defined.

Theorem 2 Let M" be a CWMC hypersurface isometrically immersed in a shrinking gra-
dient Ricci soliton M’}H with Vol (M) < oo. Denote by @Mf the set of parallel fields

globally defined on Mr}ﬂ and n the unit normal field to M".
(i) If the unit function 1 ¢ {{X,n): X € ‘@Mf}’
Ind s (M) > dim ‘@ﬁf —dim{X € Pﬁf 1 (X, n) =0}. 4)
(ii) If the unit function 1 € {{X,n): X € WM,- L, M" is totally geodesic.
As a consequence of Theorem 2, we have

Corollary 1 Let M" be a CWMC hypersurface with finite weighted volume and isometrically

immersed in a shrinking gradient Ricci soliton M’}H. If the unit function 1 ¢ {(X,n) :
X e @Mf} and there exists a parallel field X such that (Xo, n) # 0, then

Ind;(M) > 1.
Moreover,
dim{X € ’@Mf (X, n) =0} =dim ﬂﬁf -1
whenever Ind f (M) = 1.

A necessary condition for equality to be achieved in the estimate (4) of Theorem 2 is given
by

Theorem 3 Let M" be a CWMC hypersurface isometrically immersed in a shrinking gra-
—n+1 = )
dient Ricci soliton M'}+ that satisfies Ric f = kg. Denote by '@M, the set of parallel fields

globally defined on M;-H and 1 the unit normal field to M. Suppose that Vol (M) < oo,
Ind s (M) < oo, dim ‘@Mf > 0, and

Ind ¢ (M) = dim 2y; — dim{X € Py; : (X, n) =0}.

(i) IfIndy(M) = dim ,@Mf, M is totally geodesic and the bottom 1 (M) of the L? (e_fda)
spectrum of the f-stability operator satisfies u1 (M) = —k.

(ii) If Ind f (M) # dim ﬂﬁf, either M" is diffeomorphic to the product of a Euclidean
space with some other manifold or there is a circle action on M whose orbits are not
real homologous to zero.

Itis important to highlight that for f-minimal, stability properties were studied by Colding
and Minicozzi [10] and Hussey [14]. In fact, in [14], Hussey founded the spectrum and
the eigenfunctions of the f-stability operator on the f-minimal hypersurfaces of the form
Sk x R"~* isometrically immersed in shrinking Gaussian soliton R"*!. He also used [10] to
prove that, for any complete embedded non-planar f-minimal hypersurface with polynomial
volume growth, the L -index is at least n +2. When the ambient space is a shrinking cylinder
soliton S’j/m x R, it was proved by Cheng et al. [5], and Cheng and Zhou [8] that the
complete oriented proper f-minimal hypersurfaces have L y-index at least one. They still
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classified those with L -index one. Moreover, in [18], Vieira and Zhou founded a domain

in the shrinking cylinder soliton S]i/2(k7—1) x R"T1=F that cannot contain proper f-minimal
hypersurfaces.

The ambient spaces R"*+1, S:‘/m x R and S’f/m x R*+1=F are examples of gradient
Ricci solitons that admit parallel field globally defined.

2 Properness and finite weighted volume of CWMC hypersurfaces

We will begin by proving Theorem 1 which gives a relationship between the properness and
extrinsic volume growth. For this, we highlight the following:

Remark 2 Let M ¢ be a complete gradient Ricci soliton satisfying Ric = % g.Cao and Zhou
[4] showed that, by translating f,

R+IVfP2—f=0, F+Zf=§, and R > 0. 5)
Thus it follows from the expressions in (5) that
IViP <

In addition, there exists constants ¢, ¢» € R such that
1 1
J0@ =en? = f) = 200 +e2)?, (6)

where r(x) = dist 37(x, 0) is the distance from x € M to a fixed point o € M. The constant
¢z depends only on the dimension of the manifold and c¢; depends on the geometry of g on
unit ball center in o (see [4], Theorem 1.1). In [16], Munteanu and Wang showed that the
inequalities in (6) are true only assuming that Ric f= % gand [Vf2 < f.

Proof of Theorem I Part (i): We suppose that M is not proper. Thus there exists a positive
real number R such that EII\;[ (0) N M is not compact in M, where EII:I (0) denotes the closure
of B}‘f (0). Then, for any @ > 0 sufficiently small with a < 2R, there exists a sequence { py}
of the points in B;‘{’ (o) N M with dist a7 (px, pj) > a > 0 for any different k and j. Since
Bj}fz(pk) N B(%Z(pj) = ¢ for any k # j, we obtain 3%2(]71') C B (0), where B(%z(pk)
and Bg’/’Z( pj) denote the intrinsic balls of M of radius a/2, center in py and p;, respectively.
Let {e1, e2, ..., e,} be an orthonormal basis of T, M. If x € Bév/lz (pj), then the function
extrinsic distance to p;, denoted by r;(x) = dist 77(x, p;), satisfies
n 2 n n
S Vit e = Y (Vo Vrj e = 3 (Ve Vrje) + (Vo (Tt en))
i=1 i=1 i=1
n n
=Y (Ve Vrj,ei) = Y (Alei, e, Vr))
i=1 i=1
= Arj — (H, Vr)).
Observe that M has bounded locally geometry, i.e., there exists positive real numbers k and

ip so that the sectional curvature of M is bounded above by k and the injectivity radius of
M is bounded below by iy in a neighborhood of a point 0 € M. Choosing R > 0 such
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that 2R < min{ip, 1/ JE}, it follows from Hessian comparison theorem (see, for example,
Lemma 7.1 in [9]), that

=2
Viri(ei,e) = f—l— | e,,Vrj Vrj‘
in E%e (0). Hence, in E% (o)N'M,

n
72 _
Arj = ZV ri(ei, e;)) + (H, Vr;)
i=1

Z( «[+—|el— e,,Vrj)Vrjf)

i=1
+HH, V) + (V) Vr) = (V)L Vr))

Vril?
:—n\/%‘i‘ﬁ_' r]|
rj rj

v

+ (Hy, Vrj) = (V)L Vr))

n Vri|? —
> —nﬁ+——@—|Hf|—|Vf|.
I’j ri

J

By hypothesis, the norm of H is bounded above. Thus

n |Vrj|2 _
Arj > —nvk+ — -1 —  sup  [Hp(p)l— sup [Vf(p)
T T peBL(onM peBiL(onM
novniP
Ty rj ’

where

C =nvk+ sup Hy(p)I+  sup IVf(p)I.
peBY (0)NM peByr(0)

Therefore, in B% (o)N'M,
n o |Vrj?

Arjz- =2r;Arj +2|Vrj|* > 2r; <* -

c) +2|Vrj|* = 2n — 2Cr;.
rj rj

Choosing a < min{2n/C, 2R}, we have for0 < ¢ < a/2,

/ (2n —2Crj)do < / Ar}do = / (Vr7. v)dA
B (pj) B (p)) aBY (p))

S/ 21’j|VI’j||\)|dA§f erdA
aBY (p)) B (pj)
= 20A;(©), )

where v denotes the unit normal vector field pointing out of BB?’I (pj) and A;(¢) denotes
the area of BBé” (pj). Using co-area formula, we have

¢
/ (n—Crj)do = / / (n —Crj)dA, dt
B (p)) 0 JaBM(pj)
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> (n—C¢) dA,dr
0 aBM(p))

= (n—CHV;(),

where V;(¢) denotes the volume of Bé” (pj). Therefore, it follows from (7) and previous
inequality that

(n—CoVi(¢) <¢A;(Q). ()
Since

d d ¢
V{(C)Z—/ da:—/ / dA dt=/ dA = A;(2),
! d¢ JBM(p)) dz Jo JagMp)) ' aBM (p)) /

then
(n = COVj (&) <LViQ).
Thus
< log(v; () = e e, ©)
d¢ Vi©) T ¢

Integrating (9) from ¢ > 0 to ¢, we obtain
log(V;(£)) —log(V;(e)) = nlog¢ —nloge — C(¢ — &),
that is,

Vi) & e,

Vile) = &"
Now, observing that
Vi(e
lim —Z (&) = wy,
e—>0+t &l

we obtain
Vi(¢) = wpt"e ¢

for 0 < ¢ < a/2. Thus we conclude that

oo

Vol p (M) :/ e fdo > Z/ e fdo
M =1 Bap(p))
(o]
> | inf e/ | ) Vi@/2) = oc.

—M
By (0) j=1

This contradicts the assumption of the finite weighted volume of M. Therefore M" is a proper
hypersurface of M ’}1

Part (ii): By hypothesis, Ric; = Jg. It follows from Remark 2 that

- < r2 m < 12
Af =IVfP+f=7 and [VfP <]
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Since f is a convex function, i.e., Vz f =0, we have
72 PR
Arf+f=Af —IVfP+f=V flei,e) + (VL = |VFP+ f

=Af =Y Vfu.n) + M VY — VP = VR4 f

i=n+1

Af = Y Vfim) + H T~ VP f

i=n+1

D) s

with C = sup, ¢ (Hs, Vf1) < co. Observe that

IA

1(r(x) —0)? < fx) < l(r(x) +0)%, (10)

where ¢ is a constant (see Remark 2, mequahtles in (6)). Hence we can conclude that f is
proper on M. Since, by hypothesis, x: M — M r is a proper immersion, then fy: M — R
is a proper function. Therefore, it follows from Theorem 1.1 of [7] that M has finite weighted
volume and polynomial volume growth of the sub-level set of the potential function f. O

3 The L s-index of CWMC hypersurfaces

In this section, we will prove Theorem 2, Corollary 1, and Theorem 3, which are results about
the L y-index of CWMC hypersurfaces isometrically immersed in gradient Ricci solitons that
admit at least one parallel field globally defined. For this, we are going to give some definitions
and state known results.

Proposition 1 Let M’}H be a gradient Ricci soliton satisfying Ric r = kg and X a parallel
vector field on M’}H. If M" is a CWMC hypersurface isometrically immersed in MV}H , then
Ly(X,n) =k(X,n)
and
Ap(X.n)? = =2|AP(X, n)* +2]AX %,
where 1 is the unit normal vector field to M.

Proof Let {e] L€, e, } be a geodesic orthonormal frame on M. By hypothesis, Hy = C,
this is, H = (V f, n) + C, where C is a real constant. Thus

VH =Y ei(H)ei =Y e;(Vf,mei =Y (Vo Ve + Y (V[ Vene
i=1 i=1 i=1

i=1
= Z VeV f.ne Z Aleire), MV £, e))ei. (1)
i=1
Foru = (X, n) and a;; = (Ae;, ej), we have

n

Vu = Zej(u)ej = Z(Ve n, X = Z ajifei, X)e;. (12)

j=1 j=1 i,j=1
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It follows from (11) and (12),

(VH. X) =Y (Vo V e X) = Y aij(Vf.ej)er. X)

i=1 ij=1
= (VxtVfin) + (Vf, Vu).

Moreover,

ei(u) =(Vegn, X Zal/ ej, X

Deriving the previous expression and observing that V,, e; = 0, we obtain

ex(ei(u))

It follows from Codazzi equation that

Reej, ene; = (aki,j — ajix)n,
that is,

(R(ej, ex)ei, n) = axi,j — ajik-

Replacing (15) in (14), we get

n

er(eiw) = =Y anijlej, X) + Y (R(ej, ex)ei, n)lej, X

j=1 j=1
and using (13),
n n n
Au=Y eilei)=— Y ajlej, X)+ Y _ (Rlej, eei, )
i=1 ij=1 ij=1

= (VH,X)+ Y (R(XT, e)ei, n) — |A(X, n)
i=1
= (VyrVfim) + (V[ Vu) +Ric(X ", n) — |A]*u.

On the other hand,

e],

n
—Z (%‘j,k(eja X) +a;(X, vekej>)

n n
- Zaij,k(eja X) — Zaijakﬂxv n).
= =1

Zaljak] X, n)

13)

(14)

(15)

Z az]az] (X, n)

i,j=1

0=k(X", n) =Ric,XT,m =Ric(X ., M+ V£ X", )

=Ric(X",m + (VyrV £, ).
Therefore, it follows from (16) and (17),
Aru = Au — (V f, Vu)

= (Vxr VIm + (Vf, Vu) = (VxrV f)
= —1APu,

— |APu — (V f, Vu)

(16)

a7

(18)
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implying that
Liu=Asru+ |A|2u+ku = ku.
Moreover, using the equality (18), we have that
Agu? =2uA pu+2|Vul* = =2|APu® +2|AX T2
O

Remark 3 In ( [5], Proposition 2), Cheng et al. obtained expressions for A (X, n) and
L¢(X,n) of a f-minimal hypersurface isometrically immersed in a smooth metric mea-
sure space. However, the demonstration of Proposition 2 [5] obtained by them extends to
CWMC hypersurfaces. We did the above demonstration of Proposition 1 only to the sake of
completeness of the results.

The vector subspace of C*°(M) generated by E C C°° (M), denoted by Span E, is the
set of all the linear combinations of the elements of E.
Let &7 be the set of all tangent vector fields to M which are parallel and globally defined.

Lemmal Let M '}Jr be a shrinking gradient Ricci soliton satisfying Ric y = kg and M" be

a CWMC hypersurface isometrically immersed in M_r}H. If M is compact, then I y is negative
defined in the

Span {1, (X,n): X e @Mf}.

Moreover,
f |A>(X, n)e Fdo = 0.
M

Proof Tt follows from Proposition 1 that the function u = (X, n), with X € Bzﬁf_, satisfies
L u = ku. Since M is compact, '

/ kue fdo = / queffdcr = / (Afu + |A|2u + ku) e fdo
M M M

:/ |A|2ue_fda+/ kue ' do.
M M

/ |AlPue™/do = 0. (19)
M

Thus

Observe that
Ir(1,1) = —/ ILsle ' do = —/ (1A +k) e/ do
M M
and

If(u,u) = —/ uqueff do = _k/ uze*f do.
; Pt y

Therefore

Iy(co+u,co+u) = Ir(co, co) + Ip(u,u)+21z(co, u)
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—/ [IAI? + ke + ku* +2co (A ju + |AlPu + ku)] e~/ do
M

—/ [c%IAI2 + kc% +ku® + ZCoku] e fdo
M

—c%/ |A|ze_fda — k/ (co+ u)ze_fda <0,
M M
where u = (X, n). This shows that I is negative defined in

Span {1, (X,n): X e @Mf} .

Remark 4 Supposing that M" has finite weighted volume and putting

/ (X, nye ' do
M
Vol /(M)

o=—

we can conclude that
/ (a + (X, n)e Tdo = 0.
M

Then
Z N Span {1,(X,n) X e '@Mf} # 0.

Now we turn to noncompact manifolds. For this, we will consider the functions that have
compact support in M.

.. —n+1 )
Proposition 2 Let M '} be a smooth metric measure space and M" be a noncompact

—n+1
hypersurface isometrically immersed in M ;-+ . Then

Iy (pu, pu) = _f ¢2uque_fda+/ Vo |*u’e™ ' do,
M M

LMre ¢ € CX(M), u € C*(M), and n denotes the unit normal field on M. Moreover, if
Ricy = kg and M is a CWMC hypersurface, then

/ AP (X, n)e Tdo = —2/ & Ve, AX e T do, (20)
M M

where X is a parallel vector field on M’}H.

Proof Note that

I (pu, pu) = — /M (@u)L f(pu)e ' do

(@) A f(pu) + (|A”* + Ricy (n, ) p*u*] e/ do

- / [
M
- _/ [62uA ju+ puPA s +26u(Ve, Vu)] e/ do
M
—/ (IA1> +Rics (5, ) *u’e ™/ do.
M
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Since ¢ has compact support, then

0= / div(pu’e ' V¢)do = / (pu* A + 2up(Vu, Vo) + u?|Vo|*) e/ do.
M M
Using the last two expressions, we obtain
1w = — [ [6%upu— V6P + (AP + e (. ) 3] Vo
M
= —/ ¢2uqueffd0 + / |V¢|2u2e7fda.
M M
Moreover, supposing Ric f = kg, Hy is constant, and X is a parallel field on M f» we get

/¢2k(X, n)e_fda:/ ¢* Ly (X, n)e ' do
M M

—/ Vo2, V(X, n))e ' do + / (|A|2 + k) #2(X, n)e ' do.
M M

Therefore
/ |AI2¢%(X, n)e T do :/ (Vg2 VX, n))e Fdo = —2/ & (Vp, AX e T do.
M M M
[m}

L 1 T~
Lemma 2 Let M’}~+ be a shrinking gradient Ricci soliton satisfying Ric y = kg and M" be a

CWMC hypersurface isometrically immersed in MY;H. If M is noncompact and Vol y (M) <
00, then there exists ¢ € CZ°(M) such that Iy is negative defined in ¢V and dim(¢pV) =
dim V, where

V = Span {1,<X,n>: Xegﬂﬁf}.

Moreover, assuming that fM |A|2e/do < oo, we have
/ JA2(X, n)e /do = 0.
M

Proof Letu = co + (X, n), where cg is a real constant and X is a parallel field on M’}H.

Since H is constant, then by Proposition 1, we have
Liu=L¢(X,n) + (A>+k)co=k(X,n) + (|AI* + k) co. Q1)

It follows from Proposition 2 and equality (21) that

17 (pu, pu) —/ ¢2uLf~ue_de+f Vo |*u?e ™ do
M M

—/ ¢2u (k(X, n)+(|A|2+k)c0)e_fda+/ |V¢|2u2e_fda
M M
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Now, using once more Proposition 2 and Cauchy—Schwarz’s inequality,

‘ / @*1APco(X, nye/ do
M

=2 ‘/ & Vo, AX "Yep e/ do
M

< 2/ 611Vl AIIX | |col e/ do
M

5/ ¢2|A|2c(2)e_fda+/ Vo 1X T ?e™/ do.
M M
Therefore
Iy (pu, pu) < —k / ¢*u*e™do + / V> + X" e/ do. (22)
M M

Let r(x) be the extrinsic distance from x € M to a fixed pointo € H‘f. For R > O sufficiently
large, define the function ¢ : M — R such that

1, r(x) <R,
pr(x) = { LD R <r(x) <2R, (23)
0, r(x) > 2R.

Observe that gp € C°(M) because M is proper (see Theorem 1, part (i), and |[Vgpr| < 1/R.
Now, substituting ¢ = ¢r in the inequality (22), we obtain

1XI? + ¢ + 2|col |X]

R? MO(Bag\Br)

Ip(pru, pru) = —k/ pru’e do + e~/ do,
M

(recall that X is parallel and therefore |X| is constant). Since Voly(M) < oo and |X]| is
constant, for each u € V there exists R, sufficiently large such that

I (pRr,u, dr,u) <O0.

Let us find a function ¢ € CZ°(M) that is not dependent of the function u and
I (pu, pu) < 0. In fact, we consider the subset

S={ueV: / uze_fda=1}.
M

Note that V. C L%(e~/do) is a subspace of finite dimension smaller than or equal to
dim ’@Mf + 1. Thus S is a compact set in L%(e~/do’) and there exists a positive real number

. . My .
R such that any function # € S does not vanishes on M N B Rof (0). Otherwise, we could get
a sequence R; — oo of positive numbers so that for each j there exists u; € S withu; =0

on M N Bgll_f (0). Hence we would have

u= limu; € §
j—00o

and u = 0 on M. However, this is not possible because if u € S, then

/ wre fdo = 1.
M

For R sufficiently large and R > Ry, and for any function # € S, we have
1XI? + ¢ + 2|col|X|

5 e fdo < 0.
R MN(Bag\BR)

I (pru, pru) < —k/ pru’e ' do +
M
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In fact,
M(R) = / prule ' do > 0
M
is an increasing function on R and

lim IXI? + g + 2leolIX]

3 e fdo = 0,
R—o0 R MO(Bag\Bg)

since Vol ¢ (M) < oo. Here, ¢ = ¢ independent of u € S. Therefore, ifu € V, M%u e s,
L
!

and thus, for u # 0,

u u
17 (pu, pu) = |u|i§c1f <¢M,¢ ) <0.

luly 2 |ul L2
We will show thatdim V = dim(¢ V). In fact, let {uy, u», ..., uy} be an orthonormal basis
to the vector subspace V C L?(e~fdo). For the function ¢ built here, we have that u; % Oon
MﬁBllg)f (0). Therefore {¢pu1, pus, ..., ¢pus}islinearly independentand dim(¢pV) = dim V.

Finally, it follows from Proposition 2, equality (20) with ¢ = /¢ ;, and Cauchy Schwarz’s
inequality that

- ‘_/ (Vo;, AXT)e /do
M

1 1
2 2
5(/ |v¢j|2e—fda) (/ |AXT|2e_fdo> .
M M

Now, putting R = j in the function defined in (23) and reviewing that |X| is constant, we

get
1
IX| : :
< — / e fdo (/ |A|2e_fda) . (24)
J Mﬁ(sz\Bj) M

By hypothesis, M has finite weighted volume and [}, |A |>¢=/do < oo, hence the right-hand
side of (24) tends to zero as j — 00, and we can conclude that

V ;IAPX. nye T do
M

‘/ $11AP(X. e do
M

lim [ ¢;|A*(X, n)e /do = 0. (25)
J—>00 M
Note that
lim (¢; A1 (X, n)(x) = (JA*(X, ) (x) for each x € M,
J—> 00
¢ 1 AI%(X. )| < |AP(X, ).
and

0< / |AP|(X, n)le/ do < |X|2/ |AlPe™/do < co.
M M
Therefore, using the dominated convergence theorem and expression (25), we get

/ |AI*(X, n)e ' do = 0.
M
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Proof of Theorem 2 Part (i): Observe thatif 1 ¢ {(X,n): X € B”Mf},

dimV:l—l—dim{(X,n): Xeﬁﬁf],

where V = Span{l, (X,n) : X € Q’M/_}. By Lemmas 1 and 2, there exists a function
¢ € C°(M) such that dim¢V = dim V and 1 r is negative defined in ¢V. Recall that the

Ind (M) is the maximal dimension of a subspace of .% which I is negative defined, where
F =C (M) if M is a f-minimal and
F = {u € CX(M); / ue fdo = O}
M
if M is a CWMC hypersurface.
Now observe that
dim{{X,n): X € Qzﬁf} <dim(ZF Ng¢V).

In fact, |X| is constant because X is a parallel field. Since the weighted volume of M is
finite, then [, ¢(X, n)e~/do < |X| [,, e /do < oc. Thus there exists a real number co
satisfying

f ¢(co+ (X, m)e /do =0,
M
and hence ¢ (co + (X, n)) € F N ¢V. Therefore
dim{(X,7): X € Py } < dim(F N V) < Ind(M).

Consider the linear transformation 7 : Wﬁf — C®(M) defined by T(X) = (X, n).
Now, applying the kernel and image theorem, it turns

dim 257 = dim [X € 7 T(X) =0} +dim(T(X) : X € 7y |
< dim{X € ‘@Mf : (X, n) =0} + Indp(M). (26)
Part (ii): Otherwise, if 1 € {(X,n) : X € Qzﬁf}, L1 = k by Proposition 1, and L1 =
|A|? + k. Thus |A|?> = 0, i.e., M is totally geodesic. O
Proof of Corollary 1 Note that
dim{X € (@Mf : (X,n) =0} <dim ‘@Mf -1 27

as long as we assume that there exists a field X¢ € z@ﬁf such that (Xg, ) # 0. It follows
from Theorem 2 and from the inequality (27) that

dim @Mf —Ind;M < dim{X € Wﬁf (X, n) =0} <dim Qﬁf — 1.
Therefore
IndyM > 1.
Supposing that Ind yf M = 1, we have
dim '@Mf — 1 <dim{X € ﬁﬁf 1 (X, n) =0} <dim f@ﬁf -1,
and consequently,

dim{X € Zy; : (X,n) =0} = dim Py, — 1.
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[m}

Now, let us obtain a necessary condition for a CWMC hypersurface M" with finite
weighted volume to satisfy the following equality:

Ind s (M) = dim ,@Mf —dim{X € Pﬁf : (X, n) =0}
For this, we will prove some lemmas. They are adaptations of known results.

Lemma 3 Ler 2 C M be a compact set and let u, v € C*(§2), then

/(uAfv)e_fdo—i—/ (Vu,Vv)e_fda=/ ww(ye ' do2, and  (28)
2 2 082

/ WA v —vA e do = / (uv(v) — vv(u))e F dog, (29)
2 082
where v denotes the exterior unit normal to 2 along 052.

Proof In fact,

divie ™ uvv) = e fudiv(vo) + (Ve Tu), Vo)
=e¢ Tudv— e_fu(Vf, Vo) + e_f(Vu, Vo)
= e_qufv + e_f(Vu, Vo).

Integrating both sides from above identity and applying the divergent theorem to the field
X = e~ TuVu, it follows the equality (28). The equality (29) is obtained by integrating the
difference uA v — vA ru and applying the equality (28). O

Lemma 4 ([10], Corollary 3.10) Suppose that M is a complete hypersurface without bound-
ary. If u, v are C? functions with

/ (luVv] + [Vu| |Vo]| + [uA pv]) e/ do < oo, (30)
M
then

/ u(Apvye ' do = —/ (Vv, Vu)e™/ do. 31)
M M

Let W!'2(e~/do) be the weighted Sobolev space, which is the space of the functions u
on M satisfying

/ W? + |VulPe Tdo < oo,
M

with the norm

1
2
|u|W1.z = (/ (u2 + |Vu|2)e_fda> .
f M

Lemma 5 Let M" be a CWMC hypersurface isometrically immersed in a gradient Ricci
soliton M g that satisfies Ric y = kg. Suppose that h is a C? function with Lh = —uh for
neR.

(i) Ifh € Wh2(e=Tdo), then |Alh € L*(e~fdo) and

f |A]*h%e fdo < f ((1 =k — wh* +2|Vh|*) e/ do. (32)
M M
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(ii) Ifh > O and ¢ € W'2(e~Fdo), then
/ ¢* (2|A1* + |Vioghl*) e /do < / [41Vo|* —2(u + k)p*] e/ do.  (33)
M M
Proof Part (i): Let ¢ € C2°(M). Note that
Ah® =2|Vh)> +2hAsh
and
Aph=(Ly— AP —k)h = — (1 +|A]* + k) h. (34)
By Lemma 3 and equality (34),
/ (V¢?, Vh*)e fdo = —f P*Arh*e ™/ do
M M
= _2/ O [IVA? — (L + A + k) h*] e Tdo.  (35)
M
Assume now that¢ < 1and |V¢| < 1. Rearranging the terms in (35) and using the inequality

0 < |pVh — hV$|> = §>|Vh|)* + h2|V|> — 2¢h(Vp, Vi) < |Vh|> + h> — 2¢h(Ve, Vh),

we have

f ¢% (2k + 21+ 2|AP*) hPe do = 4/ dh(Vp, Vhye /do +2/ 2|Vh|?e  do
M M M

< 2/ he ' do +4/ |Vh|?e™/ do. (36)
M M

Finally, consider the intrinsic ball B; = B;(p) in M of radius j and center at a fixed point
p € M. Applying (36) with ¢ = ¢;, where ¢; is one on B; and cuts off linearly to zero from
0Bj to 0Bj1, letting j — o0, and using the monotone convergence theorem we obtain

/ |A]2h%e /T do < / ((1 =k — wh*+2|Vh|*) e/ do.
M M
Part (ii): Now we will prove the inequality (33). In fact, log 4 is well-defined and
1 1
Aslogh = ZAfh — |Vlogh|* = Zth —|A> —k — |VIogh|?

= —pu—|A> —k—|Viogh|*. (37)

Let ¢ € C2°(M). It follows from Lemma 3 and expression (37) that

/(VW,Vlogh)e*fdo —/ Y2 (Aplogh)e ' do
M M ’
:/ Y2 (+ AP +k+|Viogh*) e fdo.  (38)
M
Combining (38) with the following inequality
1
(Vo2 Viegh) < 2|Vy[* + Sy Vioghl?,

gives us this

/ ¥? (2|A]* + |Vioghl*) e/ do < / (@IVy1* —2uy? — 2ky?) e Fdo.  (39)
M M
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Let y/; be one on B; and cut off linearly to zero from 3B to 3B 1. Since p € W'2(e~/do),
applying (39) with y = V¢, and letting j — o0, using the monotone convergence theorem,
we get

/ ¢? (21A1* + |VIogh*) e~/ do 5/ [41Ve[* — 2(1 + k)¢?] e/ do.
M M
O

Remark 5 Lemma 5 was obtained by Colding and Minicozzi (see [10], Lemma 9.15) for a
complete noncompact hypersurface ¥ € R**! without boundary that satisfies H = %,
where x is position vector.

Through use Lemmas 4 and 5, and ideas as the in proof of Lemma 9.25 of [10], we have

Lemma 6 Let (M) be the bottom for L%(e~/do) spectrum of the f-stability operator L .
If ;11 (M) # —o0, then there exists a positive C* function u on M with Liu=—pu(Mu.
Moreover, if w € Wl2(e=fdo) and Lyw = —pui(M)w, then w = Cu for some C € R.

Lemma 7 Let M be a complete oriented CWMC hypersurface in gradient Ricci soliton M f-
If w1 (M) # —o0 and Vol (M) < oo, then

f |Al%e /do < oo. (40)
M

Proof Since ju1(M) # —oo, there exists a C> positive function & on M satisfying L rh =
—u1(M)h by Lemma 6. Let ¢; be the cut off function such that [V¢;| < 1 and ¢; < 1. So
¢; € W'2(e~/do) because Vol (M) < co. By Lemma 5, equality (33), we have

2 [ 93aPeTao < [ 93 (UAP +1V1oghP) e /o
M M
< [ (490, = 20000 + 087) e Y do
M

< (4+ 2|1 (M) +k|)/ e fdo < oo.
M

Letting j — oo, we obtain the conclusion of this lemma by monotone convergence theorem.
O

The compact manifolds which admit a parallel vector field with respect to some metric
were characterized by Welsh in [19]. Namely, they are the compact fiber bundles over tori
with finite structural group. The dimension of the torus can be assumed to be the number
of linearly independent parallel vector fields. The noncompact manifolds case has also been
solved by Welsh in [20]. If fact,

Proposition 3 ( [20], Proposition 2.1) If a Riemannian manifold M admits a complete
parallel vector field, then either M is diffeomorphic to the product of a Euclidean space with
some other manifold or there is a circle action on M whose orbits are not real homologous
to zero.

Proof of Theorem 3 Now suppose that dim EJM/_ =1[ > 0. Since, by hypothesis,

Indf (M) = dim 25— dim{X € Py, : (X, n) =0},
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we can have two cases: either Ind s (M) = dim @M orInd s (M) # dim /’f
Part (i): Initially, suppose that Ind (M) = dim @M ,i.e.,

dim{X € 2y : (X,n)=0}=0

and there exists / independent linearly parallel unit vector fields X1, X», ..., X; such that
(Xj,m) #Oforall j =1,2,...,1. Put

uj =(X;,n) forallj=1,2,...,1

By Proposition 1,

Lyuj=kuj,
where Ric s = kg. Note that
/ u?e_fdo < / e fdo < 0 41

M M
because

uj=(X;,n <|X;linl =L
Hence uy, ua, ..., u; are L2(e=/do) eigenfunctions with negative eigenvalues —k. Since,
by hypothesis,

Ind (M) =1 > 0,

then the bottom 1 (M) of the spectrum of L f satisfies ju1(M) = —
Now consider a local orthonormal frame {e, e3, ..., e,} on M. Observe that

|Vl Z|ve,u,| < Z (Za,k) (Z ek,X,,->2> <|AP. (42)
i=1 \k=1 k=1

Hence it follows from Lemma 7 and inequality (42) that
/ |Vujl*e ™/ do < / |A]Pe™/do < oo
M M

and using (41), we get u; € Wh2(e=Tdo). By Lemma 6, u; > 0 on M without lost of
generality. Therefore, it follows from Lemma 2 and the integrability of |A|?, that

f |Aujedo = 0.
M

Thus |[A] =0on M.

Part (ii): In the case which Ind (M) # dim Z73; o We have that there exists Xg € P+7 M such
that (X¢, n) = 0. Thus X¢p € TM and itis parallel with respect to Riemannian connection of
(M, g). By Proposition 3, either M is diffeomorphic to the product of a Euclidean space with
some other manifold, or there is a circle action on M whose orbits are not real homologous
to zero.
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