POINCARE AND MEAN VALUE INEQUALITIES FOR
HYPERSURFACES IN RIEMANNIAN MANIFOLDS AND
APPLICATIONS*
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Abstract. In the first part of this paper we prove some new Poincaré inequalities, with explicit
constants, for domains of any hypersurface of a Riemannian manifold with sectional curvatures
bounded from above. This inequalities involve the first and the second symmetric functions of the
eigenvalues of the second fundamental form of such hypersurface. We apply these inequalities to
derive some isoperimetric inequalities and to estimate the volume of domains enclosed by compact
self-shrinkers in terms of its scalar curvature. In the second part of the paper we prove some mean
value inequalities and as consequences we derive some monotonicity results involving the integral of
the mean curvature.
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1. Introduction and main results. The classical Poincaré inequality states
that if Q@ C R™ is a bounded, connected, open subset of R” and 1 < p < oo, then
there is a constant C(p,2) depending on p and Q such that for all non-negative
f € WyP(Q) the following inequality holds

(/prdxy < C(p,9Q) (AIVflpdx>p, (1.1)

where da denotes the Lebesgue measure of R™. If @ = B, () is the open ball of R™
with center g € R™ and radius r, then there is a constant C'(p) depending only on p
such that

/ frde < Cp)r / IV f P,
BT(IQ)

BT(IU)

see [16, pp. 289-290]. The Poincaré inequality (1.1) also holds for functions f €
WLP(Q) provided fQ fdx = 0, where  C R™ is a bounded, connected open subset
of R™ with Lipschitz boundary 02 and for all 1 < p < oo, i.e., there is a constant
C(p, Q) depending on p and Q) such that

</Q|f|pdx); <C{Q) </Q|Vf|pdx>;. (1.2)

This is the Poincaré-Wirtinger inequality. An interesting question about these in-
equalities is to know the dependence of the Poincaré constant C(p, Q) on the geometry
of the domain © or to find the best constant C'(p, () for a given domain and a given
p, 1 < p < oo. For convex domains Q C R"™, Payne-Weinberger showed in [27] that,
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1
for p = 2, the best Poincaré constant in inequality (1.2) is C'(2,Q) = —(diam 2), and
™
Acosta-Duran showed in [1, Thm. 3.2] that, for p = 1, the best Poincaré constant is
1
c(1,9) = i(diam ), where here (diam ) denotes the diameter of Q in R™. More-

over, they showed that, for any value of p, 1 < p < oo, the Poincaré constant for
convex domains 2 C R™ depends only on the diameter of Q2. These Poincaré type
inequalities can be extended to domains in Riemannian manifolds. For instance, the
following result of P. Li and R. Schoen:

THEOREM 1.1 ([22], Thm. 1.1, p. 282). Let M be a compact Riemannian
m-manifold with boundary OM, possibly empty, and with Ricci curvature Ricy, >
—(m — 1)k for a constant k > 0. Let xg € M and r > 0. If OM = 0 assume that the
diameter of M is greater than or equal to 2r. If OM # 0, assume that the distance
from xo to OM ‘s at least 5r. For every Lipschitz function f on B, (xq) which vanishes
on OBy (xg) we have the Poincaré inequality

/ |fldM < r(1+ \/Er)—le%(HﬁT)/ |V f|dM.
Br.(z0) Br(z0)

Poincaré inequalities on domains of Riemannian manifolds has been studied ex-
tensively by many authors and it plays an important role in Geometry and Analysis,
see [7], [20], [21], [23], [24] and [26] for few examples.

Before to state the results of this paper, let us introduce some definitions and
notations. Let M™, m > 2, be a m—dimensional hypersurface with boundary dM,
possibly empty, of a Riemannian (m 4 1)—manifold M Let k1,ka, ..., k., be the
principal curvatures of M. We define the first and the second symmetric functions
associated to the principal curvatures of M by

Sl = ikz (§ Sg = ikzk7 (13)
i=1

i<j

These functions have natural geometric meaning. In fact, S; = mH, where H denotes
the mean curvature of M. If M has constant sectional curvature K, then 2S5 =
m(m — 1)(R — k), where R is the scalar curvature of M.

If Ky; = Ky;(2,11,;) denotes the sectional curvature of M in @ € M relative to
the 2— dimensional subspace 11, C T, M, we define

ko(x) = . 1qu§ MKM(x,Hw).

Let i(M) be the injectivity radius of M and let us denote by (diam Q) the diameter
of smallest extrinsic ball which contains € C M.

In this paper we will address Poincaré type inequalities, with explicit constants,
on domains of any hypersurface of a Riemannian manifold with sectional curvatures
bounded from above.

THEOREM 1.2 (Poincaré type inequality). Let M be a Riemannian (m +
1)—manifold, m > 2, with sectional curvatures bounded from above by a constant
k. Let M be a hypersurface of Mm+1, with boundary OM, possibly empty, such that
S1 >0 and Sy > 0. Let Q0 C M be a connected and open domain with compact closure.
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If OM # 0, assume in addition that QNOM = 0. If (diam Q) < 2i(M) then, for every
non-negative C'-function f: M — R, compactly supported in 2, we have

m(k — Ko)

/fSldMg C(Q)/ [|Vf|51+ (74 +52) f] dM, (1.4)
Q Q
where

b 1(diam Q) if K <0;
c)=0c1,9) = 2 T o :
Jam—1) tan (%(dmm Q)) . if k>0

and we assume (diam Q) < % for & > 0. Moreover, if M = S™(r) is the Euclidean

sphere of radius v, M = R™tY and f is a constant function, then the equality holds.

REMARK 1.1. If K < 0 and M is complete and simply connected, then z(ﬁ)i 00.
If k > 0 and the sectional curvatures of M are pinched between 1 and &, then i(M) >
%, see for example [13], p.276. For these situations the assumption (diam Q) < 2i(M)

in Theorem 1.2 is automatically satisfied.

REMARK 1.2. Results in the direction of the Theorem 1.2 for mean curvature
are known, see [28, Theorem 3.1 and Theorem 3.3, p. 531-532].

—m+1
In the particular case when M is one of the space forms R™+1 H™ L (k), or
S™*1(k), namely, the Euclidean space, the hyperbolic space of curvature xk < 0, and
the Euclidean sphere of curvature x > 0, respectively, we have

COROLLARY 1.1. Let M be a hypersurface with boundary OM, possibly empty,
of R H™ (k) or S"(k), m > 2, with mean curvature H > 0 and scalar
curvature R > k. Let Q@ C M be a connected and open domain with compact closure.
If OM # 0, assume in addition that QN OM = (. Then, for every non-negative
Cl-function f: M — R, compactly supported in ), we have

(m—1)
2

/fHdM < C(Q)/ [|Vf|H+ (R—k)f|dM. (1.5)
Q Q

Moreover, if M = S™(r) is the Buclidean sphere of radius r in R™* and f is a
constant function, then the equality holds.

Theorem 1.2 has various immediate consequences that we will present below. The
next result should be compared with [5, Theorem 28.2.5, p. 210] which states that

If M™ is a compact submanifold with angles of R™, n > m, with boundary OM,
possibly empty, then

mvol(M) < Ryt {vol(@M) +m /M |H|dM] ,

where Ry is the radius of the smallest ball of R™ which contains M.
As a consequence of Theorem 1.2 we have

COROLLARY 1.2. Let M be a Riemannian (m + 1)—manifold, m > 2, with
sectional curvatures bounded from above by a constant k. Let M be a hypersurface of
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Mm+l, with boundary OM, possibly empty, such that S1 > 0 and So > 0. Let Q C M

be a connected and open domain with compact closure. If OM # 0, assume in addition
that QNOM = 0. If (diam Q) < 2i(M) and, for k > 0, assuming also (diam Q) < NE

then
/ S1dM < C(9) { S1dSa +/ (M + 52> dM] ,
Q o) Q 4

where dSq denotes the (m—1)—dimensional measure of Q2. Moreover, if M is compact
without boundary, then

S1dM < C(9) /M (M + 52> dM

In particular, if M has constant sectional curvature r, then

M

HdM < C(9) [ HdSq + mT_l (R - m)dM} .

Q o0 Q

If M is a compact, without boundary, hypersurface of R™ 1 H™+1(x) or S™*1(k),
the Corollary 1.2 becomes

COROLLARY 1.3. Let M be a compact, without boundary, hypersurface of
R H™ (k) and S™ (k) with mean curvature H > 0 and scalar curvature R > k.
(i) If M c R™*! or M C H™Y(k), then

/M HdM < %(diam M) /M(R — k)dM

and

In particular, if m =2 and M? C R3, then
/ HdM < 2m(diam M).
M

(i) If M C S™ (k) and (diam M) <

/ HdM < \/_tan<

REMARK 1.3. If M = S™(r), the round spheres of radius r in the Euclidean
space R™*1 then the inequalities of the item (i) of Corollary 1.3 become equality.

=,
£(dlam M)) /M(R — K)dM.

REMARK 1.4. The proof of the item (i) of the Corollary 1.2 follows taking the
compactly supported Lipschitz function f. : M — R, given by

1 if e Q,dist(z,00) > ¢
dist(z, 0% if e Q,dist(z,00) <e

€
0 if &

fe(z) =
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into the Poincaré inequality (1.4) of Theorem 1.2 and by taking ¢ — 0, where
dist(z, 9) denotes the intrinsic distance of M of the point € M to the bound-
ary OM of M.

A hypersurface M C R™*! is called a self-shrinker if its mean curvature H satisfies
H= —ﬁ(Y, n), where X is the position vector of R™*! and 7 is the normal vector
field of M. Self-shrinkers play an important role in the study of mean curvature flow
and they have been extensively studied in recent years, see [6], [11], and [12]. Another

consequence of our version of Poincaré inequality is the following result.

COROLLARY 1.4. Let M be a compact, without boundary, self-shrinker of R™+1,
m > 2, with mean curvature H > 0 and scalar curvature R > 0. Let K C R™*! pe
the compact domain such that M = OK. Then

vol(K) < — "

(diam M) / RAM. (1.6)

Moreover, if M = S™(\/2m) is the Euclidean sphere of radius /2m, then the equality
holds.

The proof follows observing that using divergence theorem,

1 1 - 1
/ HdM = / X, mdM = / divgms XdV = "L ol

and then replacing the identity above into the item (ii) of Corollary 1.2, for kK = kg = 0
and 255 = m(m—1)R. The Corollary 1.4 can be compared with Corollary 1.2, p. 4718
of [17], which proves an estimate of the volume of a convex domain in the Euclidean
space by the integral of the curvatures of its boundary.

Let M be a Hadamard manifold, i.e., a complete and simply connected
Riemannian manifold with non-positive sectional curvatures. By the Remark 1.1,
i(M) = oo. If M is a compact hypersurface of Mmﬂ, without boundary, then using
the well known D. Hoffman and J. Spruck’s Sobolev inequality, see [19, Thm. 2.1, p.
716], we obtain an estimate for the volume of M.

COROLLARY 1.5. Let Mm+1,m > 2, be a Hadamard manifold with sectional
curvatures bounded from above by a constant k < 0. Let M be a compact hypersurface

of Mmﬂ, without boundary, such that S1 > 0 and Se > 0. Then

— m—1 14+1/m _
vol(ay %t < 2+ D) _— (diamM)/ <m(”4”°>+32> dM,  (1.7)
” M

m(m — 1)%w
where w,, denotes the volume of the Fuclidean unit sphere.
In fact, by using the Hoffman-Spruck-Sobolev inequality

o T 2m—2(m+ 1)1+1/m
T dM \V4 H||dM
] R

for f =1, in addition with the Corollary 1.2, we have

. 2m—2 1 1+1/m
vol(M)7Er < 2 (m )1 / SydM
m(m — l)wm/m M

S 2m—1(m + 1)1+1/m

m(m — 1)2w,1n/m

(diam M) /

(M) s an

4
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1.1. Mean value inequalities. The techniques used in the proof of the
Poincaré inequalities can be extended to prove some mean value inequalities involving
both S7 and S;. Results in this direction are known for hypersurfaces of the Euclidean
space. In this case, holds

THEOREM 1.3 ([8], Lemma 1.18). Let M C R™"! be a properly immersed hy-
persurface with mean curvature H and f is a non-negative function on M, then for
s < t,

1 1 | _
" JpnB, s™ JmnB, s T MNB,

where X is the position vector of R™*1 and n is the normal vector field of M.

In the same spirit of inequality (1.8), we obtain

THEOREM 1.4 (Mean Value Inequalities). Let Mmﬂ, m > 2, be a Riemannian
(m + 1)—manifold with sectional curvatures bounded from above by a constant k. Let

M be a proper hypersurface of M with S; > 0 and Sy > 0. Let xy be a point of
MW-H, p(x) = p(xg, z) be the extrinsic distance function starting at xo to x € M, and

B, = B,(xzg) be the extrinsic ball of center xoy and radius r. If OM # 0, assume that
B, NOM = . Then, for any non-negative, locally integrable, C'-function f : M — R

and for any 0 < s <t < i(M), we have
(i) for k <0,

1 1

/ fS1dM — mfl/ fSidM
t™ 2 MNBy s 2 MnNBg

1
1/t 1 — )
>3 e p [(Vp,(S1I — A) (Vf) + 252 fn) + f Ricy;(Vp,n)] dMdr;
s 2 MNB,

(ii) for k >0,

— mfl/ fsldM—i1 m,l/ fS1dM
(siny/kt) 2z JMnB, (sin/rks) 2z JmnB.

> 2 / m /Mm (G VD) (0, (11 = A)(VS) + 282 fn) + f Riexs(Vp, )] dMabr,

T
provided t < ——=

2k’
Here Ricyy denotes the Ricci tensor of M, A:TM — TM denotes the linear
operator associated with the second fundamental form of M, defined in the tangent
bundle TM of M, and I : TM — TM denotes the identily operator.

We apply the mean value inequalities of the Theorem 1.4 to obtain some mono-
tonicity results involving the integral of the mean curvature. Monotonicity results
appear in several branches of Analysis and Riemannian Geometry in the study to
determine the variational behaviour of geometric quantities, see for example [4], [8],
[9], [10], [14], [15], [18], [25], [29], and [30].

COROLLARY 1.6 (Monotonicity). Let MmH, m > 2, be a Riemannian (m +
1)—manifold with sectional curvatures bounded from above by a constant k. Let M be
a proper hypersurface of M with S1 > 0 and Sy > 0. If there exists 0 < a <1, A >0
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and 0 < Ry < i(M) such that

a—1
orlf <m(“ ~ ko) 32> dM < A (’”) / SidM,  (1.9)
MNB,. 4 RO MNB,

for allr € (0, Ry), then
(i) for k <0, the function h: (0, Ry) — R defined by

11—« (%
hr) = SRy ) / SydM
oz MNB,

is monotone non-decreasing;
(ii) for k >0 and kKR% < 7%, the function h: (0, Ry) — R defined by

11—« «
h(r) = —eXp(ARO ,,:)/ S1dM
(sin/kr) =z JMmnB,

is monotone non-decreasing.

In particular, if M = R™*! or S"*1(k) we have, taking o = 1 in the Corollary
1.6, the following result.

COROLLARY 1.7 (Monotonicity). Let M be a proper hypersurface of R™*t or
S™*t(k), m > 2, with mean curvature H > 0 and scalar curvature R > k. If there
exists A > 0 such that

A
K<R<TH+ 5, (1.10)

then
(i) for M™ C R™*1 ) the function ¢ : (0,00) C R — R, defined by

o) =5 [ Hau
r -z JMNB,

is monotone non-decreasing;

1) for C K), the function ¢ : (0, 7= ) — efined 0y
ii M™ c SmHt h 0 2\7;% R d d b
A,
r) = —2° / HdM
¥ - . = \m-1
(sin /rr) "2 Juns,

is monotone non-decreasing.

REMARK 1.5. For the case when M = H™*"1(k), results were obtained in [3].

In the next application of the mean value inequalities we study the behaviour of
the integral of the mean curvature when we assume LP bounds for the scalar curvature.

COROLLARY 1.8. Let Mmﬂ, m > 2, be a Riemannian (m + 1)—manifold with
sectional curvatures bounded from above by a constant . Let M be a proper hyper-
surface of M with S1 > ¢ for some constant ¢ > 0 and Sy > 0. If there exists

0 <Ry <i(M),A>0 and p>1 such that

1/p

UMQBRO <m(H4_HO) * 52)10 dM] <A, (1.11)

then for every 0 < s <t < Ry, we have
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(i) for k <0,

1 1/p
( m—1 / SldM>
S 2 JMNB;

1/p t

1 2A 1

< S,dM dr:
= (tmf /Mm& ' ) +c1-1/1)<m—1—2p)/5 =

(ii) for k>0 and Ry <

™
2k’
1 1/p
<(sin KS) mrt [tfﬁBs >

1/p :
< %/‘ S1dM + 1 A(m — 1) / ! —dr.
(siny/kt) 2 JMnB: c=r(m —1-2p) J (sin/kr) 2v

We conclude the applications of the mean value inequalities with the following
monotonicity result for self-shrinkers.

COROLLARY 1.9. Let M be a proper self-shrinker of R™*L m > 2, with mean
curvature H > 0 and scalar curvature 0 < R < A for some constant A > 0. Then the
function ¢ : (0,00) — R defined by

ot |
p(r) = HdM
") = D) o,

is monotone non-decreasing. Moreover, if M is complete, non-compact and the scalar

curvature satisfies 0 < R < A < ﬁ, then HdM = cc.
M

This paper is organized in four sections as follows. In the section 2 we present
some preliminary results which give basis to establish the argument used in this pa-
per, including Proposition 2.1 and Lemma 2.2. In section 3, we prove the Poincaré
type inequalities and, in section 4, we prove the mean value inequalities and its con-
sequences.

Acknowledgements. The authors are grateful to Detang Zhou and Gregério
Pacelli Bessa for their suggestions.

2. Preliminary results. Let M be a m—dimensional hypersurface of a Rie-
mannian (m + 1)—manifold M, m > 2. Denote by V and V the connections of M
and M, respectively. Let X : M — TM be a vector field and write X = X7 4+ X,
where X7 € TM and X~ € TM*. Let Y,Z € TM be vector fields, and denote by
(-,+) the metric of M. Then

(VyX,Z) = (VyXT +Vy XV, 7)
Vy X", Z) + (Vy X", Z)
Vy X', Z) — (XN VyZ)
= (Vv X", Z) - (X", B(Y,2)),
where B(Y,Z) = VyZ — Vy Z denotes the bilinear form associated with the second
fundamental form of M. If 5 denotes the unit normal vector field of M, then X~ =
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(X, n)n. Tt implies

(2.1)
where A : T'M — T M is the linear operator defined by
(A(V), W) = (n, B(V,W)), VW € TM. (2.2)

DEFINITION 2.1. Let A : TM — TM be defined by (2.2) the linear operator
associated to the second fundamental form of M. The first Newton transformation
P :TM — TM is defined by

P =51-A,

where S1 = tras A, tryy denotes the trace in M, and I : TM — TM 1is the identity
map.

REMARK 2.1. Notice that, since A is self-adjoint, then P; is also a self-adjoint
linear operator. Denote by k1, ks, ..., ky, the eigenvalues of the linear operator A, also
called principal curvatures of M. Since P; is a self-adjoint operator, we can consider
its eigenvalues 61,05, ...,0,, given by §; =51 — k;, i =1,2,...,m.

REMARK 2.2. If S; > 0 and Ss > 0, then P; is positive semidefinite. This fact
is known, and can be found in [2, Remark 2.1, p. 552], however, we present a proof
here for the sake of completeness. If So > 0, then S7 = |A|> + 2S5, > k2, for all i =
1,2,...,m. Thus, 0 < S? — k? = (S1 — k;)(S1 + k;) which implies that all eigenvalues
of P are non-negative, provided S; > 0, i.e., P} is positive semidefinite.

The following result is known and we include a proof here for the sake of com-
pleteness.

LEMMA 2.1. If (divay P)(V) = try(E — (VP)(V)), where (VpP) (V) =
VE(Pl(V)) - Pl(VEV), then
(diVM Pl)(V) = RiCM(V, 77)

for every V€ T'M, where i denotes the unitary normal vector field of M and Ricgy

denotes the Ricci tensor of M. In particular, ifﬁm+1 has constant sectional curvature
or is an Finstein manifold, then divys P = 0.

Proof. Let {e1,ea,..., e} be an orthonormal referential in 7'M which is geodesic
at p € M. By using the Codazzi equation

(VvANY), Z) = (Vy A)(V), Z) = (R(Y,V)Z,n)

for Y = Z = e; and summing over i from 1 to m, we have

m

> ((VvA)(ei),e) = (Ve, A)(V), ei) = (R(ei, Ves, n),

i=1
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Z((VVA)(eZ-), ei) — (divar A)(V) = Ricz7(V; 7).
Observing that
Z<(VVA)(61)7 €i> = Z V<A(€i), €i> = V(Sl) = leM(Slf)(V),
=1 i=1

where I : TM — TM is the identity operator, we conclude that
diVM(Sll — A)(V) = RlCM(‘/, 7’]).

In particular, if M has constant sectional curvature r, then Ricgz(V,n) = mr(V,n) =
0, which implies divy; P = 0. Also, if M is an Einstein manifold with Einstein
constant X, we have Ricy;(V, 1) = A(V,n) = 0,. Therefore (divy P1) = 0.0

The next result is an important tool in the proof of the Theorem 1.2.
PROPOSITION 2.1. If M™ m > 2, is an hypersurface of a Riemannian (m +
1)—manifold M and X : M — T is a vector field, then
divar (P (X)) = trag (B — Py (VX)) + Riezg(X7,m) +252(X,m),  (23)
where Ricyy denotes the Ricci tensor of M and XT = X — (X, n)n is the tangent part
of X.

Proof. Let {e1,ea,...,en} be an orthonormal referential in T'M. First, since Py
is self-adjoint, we have

trar (E — P ((?EY)T)) - zm: <p1 ((vej)T) e> - zm:@j, Pi(e)). (2.4)

=1

By using (2.1), p.705, and the self-adjointness of A, we obtain

iﬁex Pi(e;)) = iﬁeiXT,Pl(em - (§<A(ei)7P1(ei)>> (X, m)
— i(VeiXT,Pl(ei» - (i«AoPl)(ei),e») (X, n)
_ zm;@ﬂ, Pi(es)) — trar(A o P)(X, ).
Thus,

3 (Ve XT, Pi(es)) = tras (E — P ((WEY)T)) +trar(Ao P)(X, 7).
=1
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On the other hand, the self-adjointness of P; implies

> (Ve XT,Pies)) = > (Ve, X7 + Ble, XT), Pi(es)) = Z(VeiXT, Pi(es))
Z Pi(Ve, XT),ei) = Z(Vei (Pu(XT)), i) — Z((VeiPl)(XTLeO

ivar (PL(XT)) —trm(E = (VeP)(XT))
ivM(Pl(XT)) — (divar P1)(XT).

i=1 @

Il
::uo.s

Therefore,
divar (P (XT)) = tra (E Py ((VEY)T)) + (divas PY(XT) + trar(Ao P (X, 7).

The result follows using the Lemma 2.1 and the fact
tras(Ao Py) =tra (Ao (S11 — A)) = Sy tra(A) — tra(A%) = S — |A]* = 268,.

a
REMARK 2.3. If the sectional curvatures K; of M satisfy
ko < K3 <K
for real numbers kg e x, then
| Riexr(V, )| < M (2.5)
for any orthogonal pair of vectors V, W € T'M such that [V| < 1, [W| < 1. In fact,
considering the orthonormal referential {€1,es,...,€m,€mn+1} tangent to M, we have
m—+1 m—+1
Ricg7(V,V) = Z (R(V,e)V,e) = Z K+ (V,e)(|[V]? = (V,&)?)
i=1 i=1
m—+1

<K Z (V] = (V.2)*) = s[(m + DV = [V]?]

= mn|V|2.
Analogously,
Ricg7(V, V) > mko| V.

Now, since Ricy; is a symmetric and bilinear form, we have

Ricy; (V, W) = ~[Ricy; (V + W,V + W) — Ricy; (V — W,

<I
3

< Z[m/ﬂv + W2 —mko|V — W|?]

i[mf”v(lvl2 +2(V, W) + W) = meo([V]* = 2(V, W) + [W|*)]

= b — ro)([VI? + [WP%)
m{k = ko)

2
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Analogously,

Therefore,

_M < Ricy, (V, W) <

m(k — ko)
2

This concludes the proof of the estimate (2.5).

In the next lemma we will estimate try; (E — P ((VEY)T)) in terms of Sy,

the distance function of M an the upper bound & of the sectional curvatures of M.

LEMMA 2.2. Let Mmﬂ, m > 2, be a Riemannian (m+1)—manifold with sectional

curvatures bounded from above by a constant k, M be a hypersurface of M such
that S; > 0 and Sy > 0, and p(z) = p(p, ) be the geodesic distance of M starting at
a point zg € M. If x € M satisfies p(z) < i(M), then

(i) for kK <0 and X = pVp,

trar (Br— P (VeX)")) (@) = (m = DS (a);

(ii) for k>0, p(r) < %= and X =

S (sin v7p)Vp,

T
tras (E — Py ( (VeX) T)) — 1)S1 (@) (cos vrp(x)).
Proof. Let v : [0, p(x)] — M defined by ~(t) = exp,, (tu), u € Ty, M, be the unit

speed geodesic such that v(0) = zg e y(p(z)) = 2. Let {e1(x),e2(x),...,emn(x)} be an
orthonormal basis of T, M composed by eigenvectors of P, in z € M, i.e.,

Pi(ei(x)) = 0i(x)ei(x), i=1,2,...,m,

see Remark 2.1, p.705. Let Y;, i = 1,2,...,m, be the unitary projections of e; () over
7 (ple))* C T, M, namely,

v, = _ei@) = (ei(@), 7" (p(2)))7'(p(2))
U lles(@) = (eal@), ' (p(@)y (o)

i=1,2,...,m.
Thus,
ei(z) = bY; + 7' (p()),
where b; = lej(x)—(ei (), 7' (p(2)))y' (p(2)) ]| and ¢; = (ei(x), 7' (p(x))) satisly b +cf =

land Y; L ~ for all « = 1,2,...,m. Since the sectional curvatures of M satisfy
K77 < k and, in the case we assume £ > 0, we have p(x) < 2f’ then do not exist
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conjugate points to xy along . Then

(Ve X, Pi(e)) =Y 0:(Ve, X, e:)

i=1 i=1

= Z 0; <vbiYi+Ci’Y’77 b;Y; + Ci’7/>

Ms

trar (Bv— P ((VeX)")) =

i=1
ieb%anY +Zec v X,
i=1 i=1

+ Z Oibici [(Vv, X, 7) + (V. X, Y3)] .

i=1
In order to unify the proof, let us denote by
0, if k<0
G(p) = 1 ( ;
—(sinv/kp), if k>0,
\/_

Since X (t) = G(p(t))Vp(t) = G(p(t))y'(t) and V' = 0, we have
(

(Vo X, 7) = (Vo (G(p)Y),7) = (G (0) (VA" + G(p) V')
=G (p)(Vp, 7)) =G (p),
(Vv. X,7) = (Vyvi(G(p)y):7) = (G (p)(Yi, Vp)y' + G(p) Vv, 7')
=G'(p)(Yi,”) + G(p){(Vyv.7', ")
_ Gl

Yi(y',v') =0,
(V4 X,Yi) = (V4 (G(p)Y), i) = (G'(p)(Y, Vo) + G(p)Vv, Vi) = 0.

trM(E»—>P1(VEX )) Z@b2VyXY +Z€c

On the other hand, is well known that

<vva7 V> =

for R™*1 and S™*1(k). Since
(Vv X.Yi) = (Vv.(G(p)Vp), i)
(G'(p)(Yi, Vp)Vp + G(p)Vy, Vp, Vi)
= G(p)(Vy.Vp,Yi),

using Hessian comparison theorem for M and the model spaces R™*! for x < 0 and
S™+1(k) for k > 0, we have

(Vy, X, Y‘> G(p)(Vy,Vp,Yi)

G'(p)[|Yil* = (¥, Vp)?]
= G’(p)
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Therefore,

trM(En—>P1((VEX )) 2952VYZXY ieicf

i=1

=G(p i9b2+29c
=1

>G(p)Y 0:(bF+ ) =G'(p)> 0;

- i=1
— (m = 1)$1G'(p).
Since G'(p) =1 for K <0 and G'(p) = (cos/kp) <1 for k > 0, we have the result. O

We conclude this section with the following

LEMMA 2.3. Let M be a hypersurface of a Riemannian (m+ 1)—manifold VA
such that S1 > 0 and Sy > 0. Let P, = S11 — A, where A : TM — TM denotes the
linear operator associated to the second fundamental form of M and I : TM — TM
denotes the identity operator. Then

[(PLU), V)| < 25|U[|V]

for all U,V € TM.

Proof. Let 0;,i=1,2,...,m, be the eigenvalues of P;. Since 6; = S; — k;, where
k; are the eigenvalues of the second fundamental form A, we have

0, = S1 — ki < S+ |kl
§S1+\/k:§+k§+--~+k;

=51+ |A] =51 +4/57 — 25,

< 265;.

(2.6)

By using that P, is positive semidefinite, the Cauchy-Schwarz inequality, and the
estimate (2.6), we obtain

(PL(U), V)| = [(/PLU), /PL(V))
< WPLU)|IV/P(V)

= (P(U),U)"*(P(V), V)2 (2.7)
< (281)'2|U|(285:1)2|V|
= 25,|U||V|.

0

3. Proof of the Poincaré inequality.

Proof of Theorem 1.2. Case x < 0. Initially, since (diam Q) < 2i(M), we can
consider B,.(x), xg € M, the smallest extrinsic ball containing , and p(z) = p(z¢, z)
the extrinsic distance from xy to z € M. Since Q C B, (x¢), then, for all z € {,

(diam )

5 (3.1)

p(x) <7 =
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Multiplying by f the expression (2.3) in the Proposition 2.1, p. 706, for the vector
field X = pVp and using item (i) of Lemma 2.2, p. 708, we have

fdiva(Pi(pVp)) > (m = 1) fS1 + f Ricy(pVp,n) + 252 f (pVp, n). (3.2)
This implies

divas (fP1(pVp)) = fdiva (Pi(pVp)) +(Vf, Pi(pVp))
> (m = 1)fS1 + f Ricy;(pVp,n) + 2S2f (pVp,n) + (Vf, PL(pVp)).

Integrating expression above over €2, using divergence theorem, we have

0> (m-— 1)/Qf5’1dM+/QfRiCM(pr, n)dM

42 [ Saf{pTpma + [ (VS.Pr(pVp)d
Q Q

for every function f compactly supported on , i.e.,

1
/QfSldM < 1 {/Q(Vf, Pl(—pr)>dM—|—/QfRicM(—pr, n)dM

(3.3)
2/ Saf(=pVp, n>dM} :

By using Lemma 2.3 for U = —pVp and V = V f, we have
[(Vf, Pr(=pVp))| < 251p|V £,

and the estimate (2.5), p. 707, gives

m(k — ko)

Replacing these inequalities in (3.3) we obtain

2 m(k — ko)
1 \/s;p [|Vf|81 + <4 +SQ) f:| dM.

il(diamQ)/Q [|Vf|51+ (Mﬁ%) f] dM.

fS1dM <
Q m

Therefore, using (3.1),

/ fS1dM <
Q m

Case x > 0. Again, since (diam Q) < 2i(M) and (diam Q) < we can consider

\/77
B,.(x0), xo € Mmﬂ, the smallest extrinsic ball containing Q, and p(z) = p(zg, ) the
extrinsic distance from z to 2 € M. Since Q C B, (), then

(diam ©)

5 (3.4)

plx) <r=

for all z € Q. By using the Proposition 2.1 for X = \%(sm VFp)Vp and using the

Lemma 2.2, item (ii), we have

paivar (71 (FEGp)) 2 - 1183 cos vRp) + V) i (9.
(sin V/fp)

428, f V) NG

(Vp,m).
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This implies that

divar (fP1((sinvip)Vp)) = fdivar (Pi((sin v'kp)Vp)) + (sinv/kp)(V f, P1(Vp))
> (m — 1) fS1v/k(cos Vkp) + (sin Vkp) f Riczz(Vp, 1)
+ 28 f(sin vkp) (Vp,n) + (sinVep)(V f, PL(Vp)).

Integrating the expression above over §2 and applying divergence theorem, we obtain

0> (m— 1)\/E/ [S1(coskp)dM + / (sinvkp) f Ricgz(Vp,n)dM
@ @ (3.5)
+ [ 2521 in Viep) (Vp. M + [ (sinvrp)(V £, Pi(Vp))aM.

Q

since f is compactly supported in €. By using the Lemma 2.3, p. 710, for U = —Vp
and V =V f, we have

(VI Pu(=Vp))| <251 |V f].

Replacing this estimate in (3.5), and using the estimate (2.5), p. 707, we obtain

| 11(con VRp)anr < e | (0 VRO (V1. P ) + f Ricyy (V) + 252 1)1

(
< ﬁ /Q(sin Vip) [|Vf|51 n (@ + Sz> f} M.

Since p(z) <r < 37 for all z € Q, (cos v/kp) is a decreasing function and (sin/kp)
is an increasing function for p € (0, ﬁ) , we have

(cos\/Er)/;zf&dMS/{;f&(cos\/gp)dM

2 m(k — Ko)

< ——— /Q(Sm\/gp) {|Vf|51 + (f +S2> f] dM

= Dvm
2 (sin \/Er)/ﬂ {|Vf|51 n (M +Sg> f} M.

TN

i.e.

RETIE M/Q {IVfIS1 + (m(”“;’ﬁﬂ +32> f} o

Therefore, using (3.4),

2 tan ﬁ(diam ) _
[ psin < \/Eim = ) /Q [|Vf|51 + (M + 52) f] dM,

T
< —=.0

NG
4. Proof of the mean value inequalities and its applications. From now

on, we will let B, = B,(x¢) be the extrinsic open ball with center zy € M and

radius 7. If M # (), assume in addition that B, (zg) N IM = .

for (diam )
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Proof of Theorem 1.4. Let X be a vector field on the ambient space. Since
divar (P (fXT)) = (Vf, PL(XT)) + fdivar (P (XT)),
using the Proposition 2.1, p. 706, we have

diva (PL(fXT))
= (V£ P(XT) + ftra (B P(VEX)T)) + f Ricgp (X7, n) + 252 £(X,n).

By using integration, the divergence theorem, Lemma 2.3, and the co-area formula,
we have

/ divy (P (fXT))dM = / (PL(fXT),v)dSn
MNB, d(MNB,.)
< 2/ fS11XT|dSn
O(MNB,.)

<2 sup |
O(MNB;)

=2 sup |XT|i (/ fSldM),
d(MNB,.) dr MNB

™

X7 / fS1|Vp|~tdSh
9(MnNB,.)

where v is the outer conormal vector field of (M N B,) and dS); is the volume element
of (M N B,.). This implies

d
2 sup | XT|+ < / fSldM)
d(MNB,.) dr \Juns,

> / (Vf, PL(XT))dM
MnNB,

[ pen (B PUTER) aM 4 [ fRic(XT
MNB, MNB,

+ 2/ Saf (X, m)dM.
MnNB,

Case k < 0. Taking X = pVp, we have SUPy(MnB,) |X7| = r and, using Lemma
2.2, p. 708, we have

d
— S1dM VI, Pi(pVp))ydM - SidM
o ( /MOBTf 1 )z /Mme PG+ -1 [ ps,

T MnNB,.

—|—/ [ Ricy;(pVp, n)dM + 2/ Saf(pVp,m)dM,
MNB, M

NB,

ie.,

G (/ fSldM> - m—_l/ FS1dM
dr MNB, 2 MnNB,.

>5[ [0V PV )+ 22w + f Ricgr(pVp.n)] db.
MnNB,

d -1 mt1 d 1
ro </ fSldM) - m—/ FSidM =" L <m—/ fSldM> ,
dr MNB, 2 MNB, dr \r*z~ JunB,
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we have, dividing by P ,

d 1
- <ml/ fSIdM>
dr \r™z MNB,

L / (50, PL(Vf) + 282 fn) + f Ricy (p0Vp,n)] dIM.
2r 2 MNB,

(4.1)
>

Integrating the inequality (_ ) from s to t, we have the result for the case x < 0.
Case k > 0. Consider X = f(sm fp)Vp Since we are assuming p < 2f’ we
have

1
sup XT| = —(sin/kr
O(MNB,.) | | \/E( )
and, using Lemma 2.2, we obtain
sin v/kr / fSldM)
\F( )dT ( MNB,
> (sin v/7p) (Vp, P1(V f))dM

MNB, \F
— cos VK (sinrp) vrp)
m=1) /MﬂBT( vee)fSidM + /MﬂBT VE

(sinvkp) o .=
raf G,

Since (cos/kp) is a decreasing function for p < 3 f’ we have

f Ricy (Vp,n)dM

/ (cos/kp) fS1dM > (cos m‘)/ fS1dM,
MNB, MNB,

and thus, dividing by %(sin KT) we obtain

d m—1
o (/MOBT fSldM> -5 Vk(cot /kr) /MOBT fSidM
1 : — .
z 2(sin /rr) /MﬂBT (sin \/Ep) [<VP7 P (Vf)+2Safn) + leCﬁ(Vp, 77)] dM.
Since
m-1 d 1
= (siny/kr) 2 — [ ——— Sid
(s ) dr ((sin \/Er)ﬂ%1 /MﬂBT /5 M) 7
we have
d 1
- — d
dr <(sin VEr) /MﬂBT /5 M)
> ;mﬂ / (sinvkp) [(Vp, PL(V f) +2S2fn) + f Rieg(Vp,n)] dM.
2(sin/kr) 2 JMnB,

(4.2)
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Integrating the inequality (4.2) from s to ¢, we have the result for the case x > 0.0

REMARK 4.1. If A > 0, then we can estimate the eigenvalues of P; by 6; =
S1 — k; < 57 in the place of 6; < 257 in the proof of the Lemma 2.3, p. 710. In this
case, the exponents of the mean value inequalities become (m —1) in the place of mT_l
and the mean value inequalities become:

(i) for k <0,

1 1
mfl/ FSydM — mfl/ £S,dM
3 MAB, s MAB,

z / im / [(pVp, PL(V f) 4 252 fn) + f Ricg(pVp, n)]dMdr;
s T MNB,

7T
2\/k’

(ii) for k >0 and t <

1 1

- fSidM — 7/ fSidM
(sin /kt)m—1 /Mmm (sinv/ks)™ 1 Jyns,

> [ I /A o VRO LT S) +2851) + f Ricss (T, m)}dM

Now will prove the corollaries stated in the introduction of this paper.

Proof of Corollary 1.6. Let us prove the case k > 0. The case k < 0 is entirely
analogous. Applying the mean value inequality of Theorem 1.4, p. 702, item (ii), for
f =1, we have

1 1
m—1 / SldM— P — / SldM
(siny/kt) 2 JmnB, (siny/ks) 2 JmnB.

t 1 -
> / Eye /A (i VR)[282(V 1) + Ricy (Vp,mldM
S NB,

KT) 2

Since
/ (sinv/wp) [252(Vp,m) + Ricy (Vp,m)] dM
M

2 o [ (M) 6o

MNB,
and using the hypothesis (1.9), p. 703, we have, for 0 < s < t < Ry,

1 1
m—1 / SldM_ m—1 / SldM
(siny/kt) 2 JmnB, (siny/ks)" = JmnB.

t —
> —/ (Sin\/ET)_mTil/ (M +Sg) dMdr
s MNB, 4
t S r a—1
> —aA/ (siny/kr)™ 2 <) / S1dMdr.
s RO MNB,.
. 1 o . .
Letting g(r) = ——— / S1dM and dividing by ¢ — s, inequality above
(sin/kr) = JMnB,
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becomes
9(2:";’(8) > tis/staA (Rio)a_lg(r)dr
() s ()]

for every € > 0 sufficiently small.

Since 7 — S1dM is a monotone non-decreasing function, a classical theo-
MNB,
rem of Lebesgue guarantee that this function is differentiable almost everywhere with

respect to Lebesgue measure of R. Consequently, the same holds for g(r). Considering
the points s such that g is differentiable and taking t — s, the left hand side goes to

a—1
¢'(s) and the right hand side goes to aA (Ri> g(8). Thus, g satisfies
0

dm+aA@;fmmﬂzo

Since

r

w) e +g’<r>> >0

dir (exp(AR(l)_o‘ro‘)g(r)) = exp(AR} ™ *r®) (aA (

we conclude that h(r) = exp(ARj *r®)g(r) is monotone non-decreasing for every
re (O, RQ) O

Proof of Corollary 1.8. Again, we prove the case x > 0. The case k < 0 is entirely
analogous. Applying inequality (4.2) to f = 1 and using that (sin y/kp) is a increasing
function, we have

a4 %/ S1dM
dr \ (sin/kr)“z Juns,

1 . = .
2 / (sinv/kp) [282(Vp, 1) + Riczz(Vp, )] dM.
2(sin/kr) 2 JmnB,

2_444L4KT/ (mw—ﬁw+SQdM,
(siny/kr) 2 JMnB, 4

By using Holder inequality and the hypothesis, we obtain

Ju, (0
(o, (5w ) ([, )

— p P P
<L / (MJrsg) dM </ SldM)
e MNBRg, 4 MNB,

A 1=y
= </ SldM) dM.
C P MNB,

1—1

S

IN

IN
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This implies

1—1
a %/ SpdM | > — 1A1 LR (/ SldM> "
dr \ (sin/kr)“z Juns, cl=1/p (sin+/kr) "2 MNB,

Thus,

1 1_q
P P
2z %/ SidM -1 %/ SidM
dr (siny/kr) 2z JMmnB, P\ (siny/kr) z JMmnB,

xi b mfl/ S1dM
dr \ (sinv/kr) "z Juns,

1
P
P\ (siny/kr) 2z JumnB,

1
A 1 T
X 1-1/ m—1 (/ SldM)
c P (siny/kr)" 2z \VmMnB,

A 1
— m—1 "
pet=t/ (sin\/kr) 2P

Integrating inequality above from s to ¢, we have

! mfl/ SldM - 71 m,l/ SldM
(siny/kt)" 2 JmnB, (siny/ks) = JMnB,

> A t ! d
= T oA-1/p ) m—1 4T
D s (sin/kr) 2

0
We conclude this paper proving Corollary 1.9, p. 704.
Proof of Corollary 1.9. Taking f = 1 in the inequality (4.1), p. 714, for M =
R™*L using that M is a self-shrinker and the hypothesis 0 < R < A, we have
d [ 1 —1 1, —
— <m1 / HdM) > / R <—<pr,77>> dM
dr \r*z~ JunB, r—=2_ JMnNB, 2
m(m —1
ro2 MNB,
A -1
> _Am(m — 1) / HdM.
r2 MNB,
1
Denoting by f(r) = — / HdM, the inequality (4.3) becomes
r—z JMnB,
Am(m —1
p) > A )

which is equivalent to
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This implies that In (T‘Am(m_l)f(T)). Therefore rA™(m=1 f(r) is monotone non-
decreasing, i.e.,

o ),
r) = HdM
20 = G Sy,

is monotone non-decreasing. The monotonicity of the function ¢ implies

/ HdM > r<m—1><%—f‘m>+1\/ HdM
MNB, 7«(()’"_1)(5_ ™) e,

for r > rg. Therefore, in the case that 0 < R < A < ﬁ, taking r — oo we obtain
/ HdM = oo. 0
M

[19]
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